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Summary

This thesisresulted from work on a project with the goalto simulate lattice
QCD with light dynamical quarks. To aciiewve this goal we employ so-called
chirally improved fermions.

Quantum Chromodynamics(QCD) is the quartum eld theory of strong
interactions, formulated in terms of quarksand gluons. Lattice QCD is QCD
formulated on a four-dimensional euclidian space-timelattice. It provides
a non-perturbativ e regularization sheme of QCD. Apart from regularizing
QCD the lattice also provides a way of putting the theory on a computer
and simulating it.

Chiral symmetry is an appraximate symmetry of the light quark avors
of QCD. It would be exact for masslesgjuarks. Despite this small explicit
breaking by the quark massedts e ects can clearly be seenin the hadron
spectrum. The implemertation of chiral symmetry has beena longstanding
problem in lattice QCD. It has been partly resolhed in a negative way by
Nielsenand Ninomiya in 1981. In their famousno-gotheoremthey proved
that it is impossibleto have exact chiral symmetry in a formulation of QCD
on a nite lattice that is local and which hasthe correct number of avors.
To be more precisein this last point, in sud a local and chiral formulation
of lattice QCD the quarks would comein groups of 16 for ewery di erent
guark massone wants to introduce. This is known asthe fermion doubling
problem of courseit is clearly unacceptableif onewants to descrile nature.

In 1982 Ginsparg and Wilson suggesteda relation which is now known
asthe Ginsparg-Wilsonrelation. This relation de nes theories,in which the
chiral symmetry is broken in a local way only. At the time of its nding
the Ginsparg-Wilsonrelation did not have a great impact becausenobody
knew how to construct a theory which ful lls the relation. Only during
the 1990-ssuc theoriesstarted to appear. The chirally improvel action is a
lattice discretization of the Dirac operator which ful lls the Ginsparg-Wilson
relation approximately. This action has beensuccessfullyapplied in various
simulations over the last six years. These simulations, however, have been
neglectingthe vacuum polarization e ects from dynamical quark loops.



Simulating lattice QCD meanssolving high-dimensionalintegrals. There-
fore Markov Chain Monte Carlo methods are employed. Dynamical quark
loops are often neglectedbecauseincluding them renderssimulations much
more expensiwe. This is especially true if onewants to considerlight quarks.
Simulations with small quark massesalways are more expensive than sim-
ulations with large quark masses,no matter what lattice action is used.
Apart from other problems, however, simulations with light quarksthat use
a non Ginsparg-Wilsonaction are plaguedby the breaking of chiral symme-
try. This canbe at least partly resohed using Ginsparg-Wilsonactions. At
guark massessmaller than half the strange quark mass,or 40 MeV, it can
be expected that simulations will substartially prot from using Ginsparg-
Wilson actions.

Until know there exist only few simulations using Ginsparg-Wilsonactions
which include thesequark loop e ects, and currertly this is a topic of active
researb by di erent groupsin the eld. Among thesee orts is a project of
C.B. Lang, Pushan Majumdar and myself, which has beenstarted in 2003
and to which | have beencortributing from the beginning. This project is
the topic of my thesis.

Chapter 1 of the thesis introducesthe main ideas behind the project.
Chapters 2 to 5 of this thesiscortain a review of someproperties of lattice
QCD and Markov Chain Monte Carlo simulations which are important in
the context of the project. Chapter 2, titled \Lattice QCD", cortains some
basicfacts of lattice QCD in general. Sincechiral symmetry in lattice QCD
is a main topic of this work, it is discussedseparatelyin Chapter 3, \Chiral
Symmetry in Lattice QCD". The next chapter, Chapter 4, \Mark ov Chain
Monte Carlo”, describesbesidessomestandard techniquesof Markov Chain
Monte Carlo the Hybrid Monte Carlo algorithm. In Chapter 5, \Lattice
QCD Simulations"”, simulations of lattice QCD, usingthe methods descriked
in Chapter 4, are discussed.The two main chapters of the thesis, describing
the project itself, are Chapters6 and 7.

In Chapter 6, titled \Hybrid Monte Carlo for GeneralizedDirac Oper-
ators" the techniques of employing the Hybrid Monte Carlo algorithm for
Dirac operators like the chirally improved operator are deweloped. The Hy-
brid Monte Carlo algorithm is the most successfulalgorithm in dynamical



simulations using various actions. Howewer, employing this for an action like
the chirally improved action posesserioustechnical problems. These prob-
lems are seriousenoughthat in order to avoid them a a special algorithm
called Partial-Global algorithm has been suggested. However, the perfor-
mance we were able to adchieve with that approad was very dissatisfying.
For that reasonwe decidedto employ the Hybrid-Monte-Carlo algorithm.
Thereforewe had to solwe the technical problemsmertioned above.

Oneimportant conclusionwe candraw from this work is that it is possible
to employ the HMC algorithm for an action like the chirally improved action.
Chapter 6 of my thesisdescritesthe variousaspectsof implemerting HMC for
an action likethat. We found a relatively elegan way of solvingthe technical
problemsinvolved, which we descrite in detail Chapter 6 of the thesis. We
think that the methods deweloped there could be useful for for simulations
not only with the chirally improved action, but with other, similar, actions
too.

Chapter 7 is called \Simulating QCD with two Dynamical Flavors of
Cl Fermions”, and discussegesults from using them methods of Chapter
6 in practical simulations. After someinitial studies on smaller lattices,
we simulated lattice QCD with two dynamical avors of mass-degenerate
chirally improved quarks on lattices with 12° 24 lattice sites (12 lattice
points in the three spacedimensions,and 24 in the time direction). These
early calculations have beenrestricted due computer resources.Again, our
big goalwasto simulate light dynamical quarks. Thereforeour discussionin
Chapter 7. of the thesis put a strong emphasison quark and pion masses.
On this lattice size and with the computer resourcesat hand we reahed
quark massesdown to about 30 MeV which corresppndedto a pion massof
about 460 MeV in our calculations. Our calculations seemto indicate that
guark massesf about 20 MeV can be readied on lattices of this size. It can
be expectedthat the quark massesan be further reducedin simulations on
larger lattices.
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Chapter 1

In tro duction

Quantum Chromodynamics (QCD) is the quantum eld theory of strong
interactions, formulated in terms of quarks and gluons[1]. Together with
perturbative methods it has beenvery successfuin predicting phenomena
at small distances, where the coupling constart of QCD is small. These
perturbative methods start from a free theory and treat the coupling as a
small perturbation to this. Thereforethey can only work at small coupling.
At the scaleof the hadronic world (about 1 fm), the coupling constart of
QCD is too large for sut perturbative expansionsto work.

Lattice QCD (LQCD) was introduced by Wilson in 1974[2]. LQCD
is QCD formulated on a four-dimensional euclidian space-timelattice. It
provides a non-perturbative regularization stheme of QCD: On the nite
grid the in nities, which occurin the cortinuum, are removed. Furthermore,
physical quartities appearto havea nite, well behavedlimit whenthe lattice
spacingis taken to 0, the cortinuum limit. Until today it is the only known
gaugeinvariant regularization method which allowsnon perturbativ e solution
approadiesto QCD. All other known regularization shemesare tied closely
to the perturbative expansionsmertioned above.

Apart from regularizingQCD the lattice alsoprovidesa way of putting the
theory on a computer and simulating it. Howewer, sud simulations turned
out to be computationally very demanding. Thereforein the last thirt y years
alot of e ort hasbeeninvestedinto improvemers of simulation algorithms
and the way QCD is discretized.



Whether a lattice discretization is good or bad dependscrucially on the
way it dealswith the symmetriesof QCD. The breaking of symmetrieswhen
discretizing is unavoidable in many cases. This can be readily seenif one
considerscortinuousrotations, which simply cannot exist on a discretegrid.
Breaking of symmetriesis acceptable,aslong asthe symmetriesare restored
in the cortinuum limit. In this casethe breaking can be seenasa discretiza-
tion error which can be cortrolled by making the lattice ne enough. How
ne it hasto be dependson the discretization. From a pragmatical point
of view we could say that onediscretization is better than another one, if it
allows for coarserlattices.

Wilson's proposalfor a lattice discretization[2] wasformulated in terms of
very short rangeinteractions. This providesa simpleand elegan formulation
of lattice QCD. This discretization presenesgaugeinvariance. On the other
hand it breaksthe chiral symmetry of lattice QCD.

Chiral symmetry is an appraximate symmetry of the light quark avors
of QCD. It would be exact for masslesgjuarks. Despite this small explicit
breaking by the quark massesdts e ects can clearly be seenin the hadron
spectrum.

The implemertation of chiral symmetry hasbeena longstandingproblem
in lattice QCD. It hasbeenpartly resolhed in a negative way by Nielsenand
Ninomiya in 1981[3]. In their famous no-go theorem they proved that it
is impossibleto have exact chiral symmetry in a formulation of QCD on a
nite lattice that is local and which has the correct number of avors. To
be more precisein this last point, in sud a local and chiral formulation of
lattice QCD the quarkswould comein groupsof 16 for every di erent quark
massonewarnts to introduce. This is known asthe fermion doublingproblem
of courseit is clearly unacceptableif onewants to descrike nature.

In 1982Ginspargand Wilson suggesteda relation which is now known as
the Ginsparg-Wilsonrelation [4]. This relation de nes theories,in which the
chiral symmetry is brokenin a local way only. At the time of its nding the
Ginsparg-Wilsonrelation did not have a great impact becausenobody knew
how to construct a theory which ful lls the relation. Only during the 1990-s
sud theoriesstarted to appear [5, 6, 7]. The chirally improved [8, 9] action
is a lattice discretization of the Dirac operator which ful lls the Ginsparg-



Wilson relation appraximately. This action has beensuccessfullyapplied in
various simulations over the last six years. Thesesimulations, howeer, have
beenneglectingthe vacuum polarization e ects from dynamical quark loops.

Dynamical quark loops are often neglectedbecausencluding them ren-
derssimulations much more expensiwe. This is especially true if onewants to
considerlight quarks. Simulations with small quark massesalways are more
expensiwe than simulations with large quark massesno matter what lattice
action is used. Apart from other problems, howewer, simulations with light
guarksthat usea non Ginsparg-Wilsonaction are plaguedby the breaking of
chiral symmetry. This canbe at leastpartly resoled using Ginsparg-Wilson
actions. At quark massessmaller than half the strange quark mass,or 40
MeV, it canbe expectedthat simulations will substartially prot from using
Ginsparg-Wilsonactions.

Until know there exist only very few simulations using Ginsparg-Wilson
actions which include these quark loop e ects, and currently this is a topic
of active researb by di erent groupsin the eld. Among thesee orts is a
project of C.B. Lang, Pushan Majumdar and myself [10, 11, 12, 13], which
has been started in 2003 and to which | have been cortributing from the
beginning. This project is the topic of my thesis.



Chapter 2

Lattice QCD

2.1 Euclidian QCD at the Classical Level

De nitions

We will usethe euclidian formulation of quantum eld theory exclusiely.
The action of QCD in its euclidian formulation is de ned on 4-dimensional
euclidian space: 7

SIA; 5 1= dL; (2.1.1)

wherethe Lagrangian Density is de ned as

1 _
L = 2—92 trF F + (B+m) ; (2.1.2)
with
F =@A @A +]A;A]; (2.1.3)
B= (@+igA): (2.1.4)

The A eld is a non-akelian gauge eld A 2 su(3) (i.e., the algebraof the
gaugegroup SU(3)). The fermionic Dirac spinors and , calledanti-quark
eld and quark eld respectively. They carry three indices,the 3-componert
color index, the 4-compnert Dirac index and a avor index. In nature
there are 6 di erent avors calledup, down, strange, charm, bottom and top
(lattice QCD calculations are often restricted to less avors, howewer). The



massmatrix m is a diagonal matrix with the massesf the di erent avors
appearingin the diagonal. The euclidian matricesare hermitian and obey

f ;, g=2. ;
f ; s5g=0; (2.1.5)
5= 12 3 4-

Symmetries

The action de ned above is invariant under 4-dimensionaltranslations. It is
invariant under O(4), the euclidian equivalert of the full Lorentz group in
Minkowski space. There is also an euclidian version of charge conjugation
which leaves the action invariant. We will not discussthe transformation
properties of the gaugeand quark elds under these transformations here,
they can of coursebe found in text books, e.g.,[14].

What we want to discussin a bit more detail are two other symmetries:
The action of QCD is invariant under a local SU(3) transformation. This
is called a gaugetransformation; we denoteit by ( x) 2 SU(3). Under this
the gauge elds transform as

A x) = (X)(A(x) + @) ( x); (2.1.6)
and the anti-quark and quark elds transform as
= 00X W= (%) x): (2.1.7)
We de ne the chiral projectors as

PL:

NI

(1 s);Pr=301+ 5); (2.1.8)

and use this to de ne left-handed and right-handed quark and anti-quark
elds as

L=P. ; r=Pr ;

_ - (2.1.9)
L= Pr; r= PL:
Inserting theseinto the QCD action with m = 0 we get
Z
_ 1 _ _
SA; ;1= dx—=tF F + B _+ B gr: (2.1.10)

20?2



In the masslesgasethereforethe left and right handedanti-quark and quark
elds decouple,and as a result the action possessean U(N¢).  U(N;)r
symmetry, called chiral symmetry. Chiral symmetry manifestsitself in the
Dirac matrix B as

fB; sg=0; (2.1.11)

which is a necessarycondition for the symmetry. The massesf the up and
down quarks are quite small comparedto the scaleof spontaneous chirally
symmetry breaking in QCD of about 1 GeV. That is why one seesstrong
e ects of a spontaneouslybroken U(2),  U(2)r.

2.2 Quantization via Path Integrals

To quartize the classicaltheory discussedn the last Sectionthe method of
Feynman path integration can be used. This framework allows to formulate
the quartized theory in terms of a systemof classicalstatistical medanics.
In the rest of this Sectiona few basicfacts of this method are summarized.

We are interestedin vacuum expectation valuesof time orderedproducts
of certain operators

MO T Or(x1); Oa(x2); 111 gj0I : (2.2.1)

Using Feynman path integrals we can formally expressour vacuum expec-
tation valuesin terms of expectation valuesin the framework of classical
statistical medanics

ijTf O1(x1); Oa(x2); 111 gjoi =
1

= diA; ; ]O1(x1)Oa(x2):::exp( S) ;

(2.2.2)

where Z
Z= dA; ; Jexp( S): (2.2.3)

This function Z we call partition function in analogyto statistical medanics.
The de nitions above are only formal at this point since we have not yet
de ned the integration measure.



Figure 2.1: lllustration of the lattice discretization of QCD

2.3 Wilson's Formulation of Lattice QCD

To givethe path integralsof the last Sectiona proper de nition the procedure
of lattice regularization can be used: The action gets discretizedon a four
dimensional hypercubic lattice. We set the lattice spacinga = 1, and use
the notation ” for the identity vector in the direction . On this lattice
the lattice gauge eld is de ned as a set of SU(3) matrices connectingtwo
neighboring lattice sites, which are called link variables. The link variable
between two sites x and x + ~ we denote as U,. . The discretization of
the quark and anti-quark elds introducesGrassmannvariables, which live
on the lattice sites. We will denotethem as (x) and (x) just like their
cortinuous courterparts. This discretization procedureis illustrated in Fig.
2.1 The historically rst lattice discretization of the QCD action, and one of
the simplest, is called Wilson's action [2, 15], namedafter its invertor.

We split the Lagrangian (2.1.2) into one part cortaining only the gauge
elds L4 and another part cortaining gauge elds and quark (fermionic) elds
Ls.

L=Lg+Ly:
Ly= —tF F (2.3.1)
0= 5 . 3.
Li = (B +m)

10



Using this the we split the action into
S=5+ 5 ;
z 0t Sy

(2.3.2)
Sg= d'Lg; S= d'Ls:

The Gauge Part

In Wilson's approad the discretization of the gaugepart of the action Sy
is done using only the smallest closedloops on the lattice, the so-called
plaquettes They consistof four link variablesbetweenthe four neighboring
points connectingthem, e.g.,in the following way:

xI x+ 21 x+2+ /M x+/Mox: (2.3.3)

The parallel transporter around this plaquette is

UP' = Uy U, UYL UYL (2.3.4)
Wilson's gaugeaction (discretization of Sy) is de ned as
SglUl= w X 1 IRetr(U® ) ;
1 X. ) (2.3.5)
W — @ ’

wherewe have introduced Wilson's beta .

The Fermionic Part

A simplesymmetric lattice versionof the covariant derivative A + @ is given
by

D (X) = 2(Ug, xeny Ul n x o) (2.3.6)
Using this the so-callednaive lattice fermion matrix My can be derived:
X4 h i

=1
It is called naive for the following reason:In the free case,i.e., all U,. = 1,
and for onefermion avor, the resulting propagatorin momertum-spaceis:

X
h (p)i=Ii sin(pa)y+ m] *: (2.3.8)

11



In the cortinuum limit and for m = 0 this should have onepoleat p = (0;0),
correspnding to the onefermion species.What we get instead are 16 poles,
one at ewery corner of the Brioullin zone

pr = (0;0,0,0); p2= (0;0,0; ); :::; pe=( 5 5 5 ) (2.3.9)

which all survive in the cortinuum limit. This is known as the fermion
doublingproblem

To overcomethe fermion doubling problem Wilson addeda secondderiva-
tive term to the fermion matrix:
L[UX' X+ /,\y 2 X;y + Uy /'\ X /\7y] ; (2.3.10)

2 X

which givesthe unwanted extra 15 fermion a massproportional to 1=a. This
way the unwanted fermionsgetin nitely massiw in the cortinuum limit and
ought to decouple.The Wilson fermion matrix can be written as

¥4 h [
Mw (X;y) = xy (r W xeny +(r+ U Ax Ny
=1
(2.3.11)
Wilson's fermionic action is given by
Si(U; 5 )= My (2.3.12)

2.3.1 Symmetries of Wilson's Action

The di erent symmetriesof the cortinuum QCD Lagrangian (Section 2.1)
are re ected by Wilson's lattice action in di erent ways:

Gaugesymmetry and charge conjugation are presened exactly asthey
appear in the cortinuum.

The translation and O(n) rotation symmetries from the cortinuum
manifest themselhes on the lattice as discrete translations and hyper-
cubic rotations and re ections. In the cortinuum limit a! O these
symmetriesbecometheir cortinuum courterpart again.

12



The introduction of the secondderivative term 2.3.10violates the 5
anti-commutation relation

fMw; 506 O;

ewven at vanishing quark mass. Therefore chiral symmetry is not main-
tained like in the cortinuum. Furthermore chiral symmetry is broken
in a hard way in O(a). Also there is no exact lattice symmetry corre-
sponding to cortinuum chiral symmetry (like in the caseof O(n) and
translation symmetrieswhich have discrete courterparts, seeabove).

2.4 Path Integrals on the Lattice

For the integration over the lattice gauge elds U Wilson proposedthe Haar
group measure,we denoteit asdU,. . This measureis invariant under the
gaugegroup transformations (SU(3) in our case). For the integration over
the quark elds the rulesof integration over Grassmannvariablesare applied.
The lattice courterpart of the vacuum expectation value (2.2.1) is

H)jZTf O1(x1); Oa(x2); ::: gj0i =
1Y

Y Y )

> AU d (¥ d (x) Ou(x2)Ox(x2) 10 ST (2.4.1)
Zy Y Y B

£ = du,  d () d (e (2.4.2)

The continuum vacuumexpectation valuesare de ned asthe continuum limit
of the lattice vacuum expectation values,i.e., the limit ofa! 0. To perform
the continuum limit the free parametersof the theory, the gaugecoupling
and the quark mass, have to be replacedby measurablequartities. This
procedureis referredto asrenormalization

2.5 Impro ved Gauge Actions

The Taylor expansionof Wilson's gaugeaction givesF. F. inleadingorder,
correctionsare O(a?). There are various approadesthat try to improve that

13



by adding gaugeloops that are longer than the plaquette, for instance of
length six. Theselongerloopsough to cancelthe O(a?) correctionscoming
from the plaguette. Theselongerloopsget a certain coupling strength. To
choosethis coupling strength (sud that the wanted cancellationtakesplace),
di erent techniqueshave beenapplied: Methods from perturbation theory,
mean eld improvemen or renormalization group inspired so-calledperfect
actions.

2.6 Impro ved Fermionic Actions and Smear-
ing

For Wilson's fermionic action, lattice correctionsare starting at O(a). As

in the caseof the gaugeaction various ways to improving this have been

suggestedperturbative and non-perturbative ones. One classof non pertur-

batively improved actions are the lattice chiral or Ginsparg-Wilson actions,

which we will discussin Chapter 3.

Another way of to e ectively improve a fermionic action is link smearing.
The ideais to de ne new link variables called smered links that consist of
somelocal combination of the usuallink variables(which arethen often called
thin links for distinguishing). The processof smearingought to reduceshort
distance (ultra-violet) uctuations and leave the long distance properties of
the systemunchanged. It hasbeenshown for various fermionic actions that
someof their properties, including scaling,improve signi cantly when some
sort of smearingis employed (seefor instance[16, 17, 18]).

14



Chapter 3

Chiral Symmetry In Lattice
QCD

3.1 Nielsen-Ninomiy a No-Go Theorem

There is a theorem called Nielsen-Ninomiya No-Go theorem [3, 19] for a
lattice Dirac operator D (a lattice discretization of the cortinuum Dirac
operator B ). This theorem states that sud a D which has no doubler
modes cannot obey the following conditions simultaneously:

D is (exponertially) local
D is translational invariant
D is chirally symmetric (i.e. fD; sg= 0).

D(p)=i p + (O)(ap?), whereD (p) is the Fourier transform of D.

3.2 The Ginsparg-Wilson Relation

Ginspargand Wilson [4] suggestedo replacechiral symmetry in cortinuum,
fD; sg= 0, which is equivalert to fD !; sg= 0, by the milder condition

fD % s5g=2aR 5 ; (3.2.1)
wherea is the lattice spacingand R is somelocal operator.

15



Re

Figure 3.1: The spectrum of a lattice chiral Dirac operator is bounded by
two circles.

It hasbeenshown that this implies an exact symmetry of the lattice ac-
tion, which becomeghe usual chiral symmetry in the cortinuum limit [20],
and is often referred to as lattice chiral symmetry. This symmetry implies
somevery favorable properties for actions satisfying it: Lattice chiral ac-
tions possesso additive masscorrection. At nite masseghey are always
invertible (there are no exceptionalcon gurations). They are automatically
O(a) improved. There is a lattice version of the Atiyah-Singerindex the-
orem, relating topology to the eigenmales of the Dirac operator. For the
renormalization constaris the relation Z, = Zy holds.

3.3 Neub erger's Overlap Fermions

Neuberger'soverlap fermion matrix [7,21]with zeromassful lls the Ginsparg-
Wilson relation (3.2.1) with R = 1|

fD % sg=as; (3.3.1)
| being the idertity matrix. One starts with a kernel Dirac matrix, for

instance the Wilson fermion matrix My, with a negative mass,m 1=2.

16



mu 2-2mu

Figure 3.2: The spectrum of the massi\e overlap operator lies on the circle
sketched above.

Using this one de nes the overlap Dirac operator as
Do =1+ ssignHw) ; (3.3.2)

where
Hw = sMw : (3.3.3)

From the masslesaseit is possibleto construct massie fermionsusing the
relation [22, 23]
Mow( )=(@1 )Do+ : (3.3.4)

The mass parameter must be in the interval [0;1], the corresmpnding
fermion massis
m= Z 1+ 0(a); (3.3.5)

Zm is the massrenormalization constart for which
Z Znm=1; (3.3.6)

and Z is the wave function renormalization constar.
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3.4 Generalized Dirac Op erators

Someparameterizationsof Ginsparg-Wilsonfermionsstart by writing down
a most generalDirac operator that satis es the basicsymmetriesof gaugein-
variance,translation invariance, hypercubic rotations and re ections, charge
conjugation plus s-hermiticity. Theseconditions x someof the properties
of the ansatz X

Dyy = Ch(U) xy n Up; (3.4.1)

n
wherec,(U) isarealcoe cient, , isanelemen of the Cliord algebraand
U, is a gaugepath connectingx and y. Somefreedomin the choice of the
coe cien ts remains, this can be usedto give the operator certain desired
properties, for instancelattice chiral symmetry. For detailed descriptionsof
this approat we warnt to refer to [24] and to [8].

3.4.1 Fixed-p oint Fermions

The xed-point (also referredto as classi@lly perfect) fermions[25] follow a
conceptwhich is basedon renormalization-grouptechniques. There oneaims
to simulate the theory closeto the renormalizedtrajectory. From this one
expectsvery good scalingproperties. It hasbeenshavn that the xed-p oint
action satis es the Ginsparg-Wilsonrelation [26].

This conceptcanbeusedto x the free parametersof a generalizedDirac
operator. Doing this one can retain a practical implemertation or the the-
oretical concept[27]. For practical reasonsthese constructions can cortain
only a certain number of terms of the most generalDirac operator. An exact
xed-p oint action would have to cortain in nitely many terms. Therefore
sud constructionscan only be appraximate xed-p oint actions.

3.4.2 Chirally Impro ved Fermions

Another possibility x the coe cients of a generalizedDirac operator was
suggestedin [8]. The idea is to plug the generalizedDirac operator into
the Ginsparg-Wilsonrelation. Then a systemof algebraicequationsfor the
coe cien ts is retained. Solvingtheseequationsonecan x the coe cien ts of
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the generalizedDirac operator and retains a lattice chiral operator. Again in
practice oneis always restricted to a certain number of terms. For an exact
Ginsparg-Wilson operator one would needin nitely many terms, therefore
sud an operator can only be approximately lattice chiral.

In practice it was found that one would needvery many terms in order
to get an operator with no additive masscorrection. Thereforethe original
concepthasbeenmodi ed to allow for an additional parameterwhich ensures
that there is no additive masscorrection[9]. This parameteris depender of
the underlying gaugebadkground. In this modi ed versionthe conceptwas
successfullyusedin quented QCD calculations, for instance [28].

19



Chapter 4

Mark ov Chain Mon te Carlo

4.1 Intro duction

The purposeof this chapter is to discusssomemathematical aspects of of
the simulation techniqueswe want to use. In the rst part of this chapter
(Sections4.2to 4.7) aquick overview over somestandard methods of Markov
Chain Monte Carlo methods is given. Thesecan be found in various text-
books, for instance[29, 30]. In the secondpart of the chapter (Sections4.8
to 4.9) the Hybrid Monte Carlo algorithm is discussed.This is donewith a
specialemphasison how it ts into the framework of the methods of the rst

part of this chapter. Many of the resultsin this chapter can be provedin an
elemenary and instructive way, therefore we want to discusssomeof these
proofs. For the notation throughout this chapter we will closelyfollow [29].
In the last Sectionof this chapter we will brie y discussautocorrelation and
error estimation for data with autocorrelation.

4.2 General De nitions

For our lattice QCD calculationswe are interestedin integrals of the general
form Z
E(m)=dx (x)m(x) : (4.2.1)

Here x 2 R standsfor some eld, taking valuesfrom a measure-spaceR,
and dx for an appropriate measure. The function m(x) is assumedto be
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complexvalued, the function (x) is assumedo be positive real valued, and
normalized,i.e., 7

dx (x)=1: (4.2.2)

We can &sethis this to de ne a newmeasure onR as ( dx) = (x)dx,
( A)= , ( dx), which wecalldistribution, (x) wecall distribution density.

Using this the integral can be written as
Z
E(m)= ( dx)m(x) : (4.2.3)

The method of Markov Chain Monte Carlo integration will allow usto gener-
ate samplesf X; :i = 1;2;:::g accordingto the distribution . Usingthese
we can then expressour integral as

X

n+1

E(m) = lim m(X;) : (4.2.4)

This will allow us to estimate our integral as a nite sum over a certain
sample.

4.3 Mark ov Chains

Let f X;:i=0;1;:::9 be a set of random variables taking valuesin a set

foremeryB R andn 2 0;1;:::;N. The chain is called time homamen®us
if
P(Xn2BjX, 1=X)=P(X12BjXg=X): (4.3.2)

We will restrict oursehesto that casefrom now on. The function

K (BjX) = P(X12 BjXg = X) (4.3.3)
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we call the transition prolability, and
K"(Bjx) = P(X, 2 BjXp = X) (4.3.4)

the n-steptransition prokability. The Markov chain is determinedby K and
someinitial distribution Pg.
A distribution  on R is called a stationary distribution if

Z
(B)= K(Bjx)( dx); 8B R: (4.3.5)
R
The Markov chainf X; :i = 0;1;:::gis calledreversiblewith respectto if
Z Z
K (Bjx) ( dx) = K (Ajx) ( dx) (4.3.6)
A B

forall A;B R. The (4.3.6) is also called detailed balance condition. From
(4.3.6) it follows immediately that
Z Z
K(Bjx) ( dx) = K(Rjx)( dx) = ( B); (4.3.7)
R B
therefore is a stationary distribution for the chain. A chain is called -
irr educible if there exists a measure on R sud that for all A R with
(A) > 0 and for all x 2 R there exists a positive integer n sud that
K"(Ajx) > 0.
If thereis anintegerd 2 and disjoint subsetsof R ,

Ao;iiiAg R (4.3.8)
with ( A;) > 0 such that
K(Ajjx) = 1forallx2 Ajand0 i d 1; (4.3.9
and
K(Ajx) = 1forall x 2 Aq ; (4.3.10)

then the chain is saidto be periodic. The chain is called a-periodic otherwise.

If a chain has a stationary distribution and it is -irreducible and a-
periodic then it corvergesto starting from almostewery x 2 R (i.e., every
X 2 R exceptmaybe for a subsetA R of measure( A) = 0).
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4.4 The Metrop olis-Hastings Algorithm

Metropolis et al. [31] proposedin 1953 an algorithm to construct a chain
satisfying detailed balance (4.3.6) which was later generalizedby Hastings
[32]. We will discussthis generalizedversion, also known as Metropolis-
Hastingsalgorithm. The chain is constructedrecursiwely: To start we choose
an Xo 2 R and set Xg = Xo. To generateX ,+; from X,, whereX,, = x, we

Choosea state y from a conditional distribution Q(dyjx) = q(yjx)dy.
We referto Q as proposaldistribution, and to q as proposal density.

Evaluate

. o A(xjy) (y)
X) = minfl, ———=0: 441
(yix) a0 (02 (4.4.1)
This  we call acceptanceprobability function.
Generater 2 [0; 1] with uniform distribution
Set (
if jX) r
Xne1 = Y (yj.) : (4.4.2)
x otherwise
This procedurede nes a transition probability K :
Z
K(Bjx) = (yix)a(yix)dy + r(x)1g (x) ; (4.4.3)
B
where 8
<1 ifx2B
lg(X) = (4.4.4)

! 0 otherwise

and r(x) is the probability that a proposalis chosenwhich is then rejected,
i.e., the probability that the new elemen of the chain is equal to the old
one,x. We will not needan explicit form of this this function r for the proof
of detailed balancebelon. For the matter of completenesonly we write it

down:
Z

r(x) = [ (alyix)  (v)alxjy)ldy:  (4.4.5)

(X) ty: Waxiv)< Fawiog
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The transition probability K satis es detailed balancewith respectto . To
show that, we rst derive a relation for

(ij) B minf 1: a(xjy) (X)g

— q(ij) (v)
(jy)  minf 1; 3255 g (4.4.6)
_ a(xjy) (x)
a(yix) (y)
Using this we get
Z
K(Bjx) (x)dx
Az Z
= (yix)a(yix)dy + r(x)lg (x)  (x)dx
VA A Z
= (yix)alyix) (x)dy + r(x) (x)dx (4.4.7)
ZA ZB ZA\ B
= (yix)alyix) (x)dy+  r(x)la(x) (x)dx
ZB A B

K (Ajy) (y)dy:

B

The original Metropolis algorithm of [31] is a special caseof the above algo-
rithm with a symmetric proposaldistribution, i.e., q(Xjy) = q(yjX).

4.5 Sampling in Subspaces

R=sS! s? S (4.5.1)
The elemens of R can be written as n-tuples, for instance
x= (x5 x%x™) (4.5.2)
and the m-th elemen X, of a Markov chain as
Xm = (XL X250 Xn) (4.5.3)
Often it is impracticable to update this whole vector at once.
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We are now goingto construct a Markov chain recursiwely, altering only
one of the XX at once. Cycling through all the variables we will then be
able to get a Markov chain cornverging to somedistribution  for the whole
vector. Forevery 1 | n we have a certain probability of getting from
X} =x"to X! ., = y"in asinglestep, which we denote by

P(X) g 2 B'jXE,, = yhonXxl =y bxl o= xhnxn = x") .
(4.5.4)

We want to construct a completely new state y out of a given state x by
cycling through all the componerts of our state vector. The transition matrix
of this chain is the product of all theseprobabilities

P(y2 Bjx) =P(X1,; 2 BYXt = x::0)

m+1
P(X2,, 2B?::;X2 =x%::1) (4.5.5)
P(Xme 2B X =x"):

If we choosethem sud that all leave our speci c distribution  invariant,
then s a stationary distribution for the chain.

4.6 Gibbs Sampling

Ideally we would always like to draw independert samplesfrom our distri-

libration time). This is not possibleusually. Howewer, in somecasesit is
possibleto samplein that way in somesmall subspacdrom a correspnding
conditional distribution. For instanceonewould samplein the I-th subspace
(variable x'), with the valuesof the other x¥; k 6 | held constart.

( dxX'jx*:k6 1) ; (4.6.1)
and set the probabilities of (4.5.5):

m+1

P(X) g 2B'jXL,, =yhonxtl =y bxh=xlonxn=im =
1

Then is a stationary distribution for our chain. This so called Gibbs Sam-
pling was introducedby Gemanand Gemanin 1984[33].
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4.7 Mixed Chains

In the last Sectionswe discussedwo possibilitiesof generatinga distribution
which is stationary with respect to a chosendistribution, the Metropolis-
Hastingsalgorithm and Gibbs-sampling. There are many others. If we com-
bine them sud that we generatesamplesin di erent subspacesvith di erent
of thesealgorithms, the resulting chain will again be stationary with respect
to our chosendistribution. Sud an approad we call a mixed chain.

4.8 Hybrid Algorithm

Let the distribution be of the form

(dx) = e V®dx; (4.8.1)
where x = (X1;:::;X%,) 2 RN, For ewery x; we add an auxiliary variable
P2 R, p=(pi:::;pn), and de ne a Hamiltonian

X P
H = EI + V(x) : (4.8.2)
i=1
We now de ne a distribution
T dx;dp) = e &P dx dp: (4.8.3)

Integrating over p we get bac% our original distribution

Tidp= (): (4.8.4)
p

Thus if we samplef (x; p)gfrom 7 x will be distributed accordingto .
Integrating Hamilton's equations,

dxi _ @
it @'
d_|q= @ (4.8.5)
dt @’
for a time t one getsan ewlution of x and p:
xp ! (xSp) = dxp) ; (4.8.6)

which is
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Deterministic,

Energy conserving:H (x% p%) = H(x; p),
Rewrsible: g'(g '(x; p)) = (x; p),

Area preserving: dx°dp’= dx dp.

This ewlution can be usedto construct an updating shemewhich satis es
detailed balancewith respect to our distribution T dx;dp) = e" *P) dx dp
and which is ergadic:

= 2
Choosep from the gaussiandistribution e L

Evolve the systemfor a certain time t, going from (x; p) to (x%p? =
g'(X; p)-

To seehow this satis es detailed balancewe choosesomeA 2 R2" and de ne
B = g(A). Wecall K! the transition probability which results from ewlving

for a certain time t:
8
N . <1 ifgi(x;p) 2B
KY(Bj(x;p) = le(g'(x;p) = . , (4.8.7)
- 0 otherwise

(Ig de ned asin (4.4.4)). For this we get the relation:
z z

K'(Bj(x; p))e™ *P) dx dp
A ZA

15 (g'(x; p))e" P dx dp

Ia(g '(x%pYer ©) dx’dp’  (4.8.8)
ZB
K Y(Aj(xEpY))et &) dxdp’:

B

This would be detailed balancein the usualform (4.3.6)if wehadK' = K t.
To restore detailed balancewe could randomly choosethe sign of t for the
ewlution. Howewer, we do not have to do that: Beforestarting the ewlution
we refreshour p, and the chanceof getting p and p is the same(e P2 =
e ( P’22) Rewersingthe sign of t hasthe samee ect as reversing the sign
of p.
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4.9 Hybrid Monte Carlo Algorithm

Assumewe have an ewlution which is reversibleand areapreserving,but not
energyconserving. This caseoccursoften in practice: Numerical techniques
for the integration of di erential equationsmake useof a time discretization
leading to discretization errors. In our casethis would meana violation of
energy conseration. Using this for the hybrid algorithm described above
would violate detailed balance. Thereforein the hybrid algorithm one has
to make sure that the violation of energy consenration is kept small. This
can be adiieved by making the time discretization ne. Choosinga ne
discretization, howewer, makesthe integration expensiwe. On the other hand,
there exist numerical integration techniqueswhich satisfy the requiremer of
areapresenation and reversibility at arbitrarily coarsetime discretizations.

For sudh an integrator detailed balance can be restored. The idea of
the Hybrid Monte Carlo algorithm [34] is to add a Metropolis-Hastingslike
accept-rejectat the end of the hybrid algorithm, which corrects for this
changeof energy The result is a three step algorithm (where the rst two
stepsare the sameasin the hybrid algorithm):

2

P :
Choosep from the gaussiandistribution e L

Evolve the systemfor a certain time t, going from (x; p) to (x%p?9 =
g'(x; p).

Acceptthe (x% p% with aprobability minf1;e Hgwhere H = H(x%p9
H(X;p) -

The transition probability in this caseis

K'(Bj(x;p)) = Is(d'(x; p)) minfLie "g+ r(x)ls(x;p): (4.9.1)
By r(x) we denotethe probability that (x%p9 is rejected, explicitly this is
8

<0 ife H>1
r(x) =, ;

(4.9.2)
-1 e " otherwise
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The explicit form of r(x) is given only for the salke of completenessit is not

neededin the following relation:
Z
KY(Bj(x;p)e” *Pd"xd"p
AZ
Ne(g'(x; p)e™ P minfle "g+ r(x)lg(x; p)d"xd"p
Vi 7
Ia(g 'S pYet ©PeH minfle Hod'xWp®+  r(x)d"xd"p
ZB 7 A\ B
Ia(g '(x%pY)er P minfe™; 1gd"x%"p+ (X% pIIa(x% pYd"x%d"p°
B

ZB

K Y(Aj(xepY))et o PIdnxdrp?:
B
(4.9.3)

The result is the sameasin (4.8.8), detailed balancefollows from this (see
argumertation following (4.8.8)).

In principle the time ewlution doesnot needhave anything to do with H
aslong at it is areapreservingand reversible. Howewer the acceptancewill
be very poor if the energynon-conseration is too large.

4.10 Auto correlation and Error Estimation

Error Bars for Uncorrelated Samples

of the sametype theserandom numbers of coursehave the sameexpectation
value

x = hXii ;i=1;:::;N (4.10.1)
and variance
2=hX; D)% ;i=1::N: (4.10.2)

We de ne the sampleaverageas

X== X (4.10.3)
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The varianceof X is then

1
5= R (4.10.4)
Using a samplefxy;:::;xyg of fXq;:::;Xng tO estimate x, as one
usually doesin a Markov Chain Monte Carlo calculation, one can take
q__
g= 2 (4.10.5)

as a measureof the error of this estimate, alsocalled error bar. Of coursein
This can be donein various, for instance using the jackknife method.

Error Bars for Correlated Samples

the rst N of these. We de ne the autocorrelation function as

)
=0 (4.10.6)
()= X PXD)(Xei WX

The k appearingin the de nition of standsfor any value from f1;2;:::g.
Becausewe assumedall X; to be of the sametype this givesa unique de ni-
tion of (i) independen of the value of k.

The integrated autocorrelation time is de ned as

1R

int —
2
i=1

(i) (4.10.7)

When estimating the statistical error, the autocorrelation time hasto be
taken into accourt. The variance of the sample averagefor autocorrelated
data is

2 .
2= N X (4.10.8)




Binning

of binning can be used. For this method one introducesbins of sizeM. We
assumeM to be an integer fraction of N. If N = L N then one divides

which we we simply call M, and a correspnding variancewhich we call fﬁ :
For uncorrelateddata one gets
4= Mi 2 (4.10.9)

The expectation value of the averageover all samplestakesthe value (cor-
related and uncorrelateddata). Again for uncorrelatedsamplesthe variance
of this is simply 2. For correlated data this variance depends on the bin
size M, it approadiesa constart in the limit M ! 1 . In practice this
variancewill be more or lessconstart if M > ;. Thereforeerror bars for
autocorrelated data can be estimated using bins of various size, and taking
the variancesfor a bin sizewherethe varianceis maximal. This procedure
only makes sensefor M N, howewer.

Like in the caseof un-binned data one can apply the method of jackknife
to the binned data to estimate the wanted variances. This we refer to as
binned jackknife.
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Chapter 5

Lattice QCD Simulations

5.1 Prerequisites

When talking about \Lattice QCD simulations” what we meanis to calculate
path integrals of the form (2.4.1). We are doing this using Markov Chain
Monte Carlo techniques. Before we can start doing that, we integrate out
the Grassmann elds and . In the simplest case,where exceptin the
action S¢ there are no Grassmannvariablesin the path integral the analytic
integration yields 7

dd eM =det(M): (5.1.1)

If there are fermionic operators in the path integral the integration yields
somefermionic propagators,for instance (simplest case)
Z

dd —, jeM =M, det(M) : (5.1.2)

The path integralsof (2.4.1) canthus be expressedsintegralsover the gauge
elds U only, what we have to deal with is (in a most generalform)

Z
Y

% du,. f(U)e %V det(M) ; (5.1.3)
4 Y

Z= du,, e S det(M) : (5.1.4)

X;
If we take the det(M)" instead of det(M) in the above formulae we get n
mass-degeneratea vors for every avor of our original action. In the rest of
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this chapter we will discusshow to samplethis Z usingMarkov Chain Monte
Carlo methods.

5.2 Quenched Simulations

For a so-calledquenchd simulation we assumethe fermionic determinart to
be constart. We set
det(M (U)) = 1: (5.2.1)

Of coursethis is an uncortrolled approximation, doing this one ignoresall
fermionic pair-creation and - annihilation processes. This yields a weight
function which is merely dependert on the gaugeaction
Zy
Z = du,. e SeW) . (5.2.2)
X;
Exploiting the local nature of the gaugeaction it allows for an e cient up-
dating. In alocal updating schemeone goesthrough the lattice changingone
link variable after the other. The locality of the action meansthat the cost
of one sud step is independen of the lattice volume V. An update all the
link variablesis called sweep. For this we have to do V local updates. The
cost of one sweepthus increasedinearly with the lattice volume.

5.3 Locality of Lattice QCD and the Fermionic
Determinan t

A priori, the fermionic aswell asthe gaugepart of our action is local. How-
ewer, integrating out the Grassmannvariableswe get the fermionic determi-
nant det(M) as part of our action. This determinart is not only non-local
but the costof evaluating it increasedastly with the lattice volume. The cost
of evaluating a determinart of ageneraln n matrix with standard methods
(gaussianelimination, usually doneasa LU decompsition) increasesas n®.
The sizen of the fermionic matrix is related to the number of lattice sitesNg
by n = 12Ng. For any simulation using sud a brute-force approad the cost
would thereforeincreaseat least proportional to N2. Fortunately there exist
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much better ways to do simulations with dynamical fermionswhich will be
discussedn the subsequen Sectionsof this chapter.

5.4 Pseudofermions

In 1981 Petcher and Weingarten proposeda way to deal with the fermionic
determinart by introducing an auxiliary bosonic eld which is often calleda
pseudofermioneld [35. They usedthe relation
Z
det(AYA)/  dRe( )dim( )el A " 1*: (5.4.1)
If we setA = M we canrewrite a 2k avor partition function (assumingM
is an k- a vor fermion matrix) as
Zy
z

du,. e W det(M)?

Zy | | (5.4.2)
du. e SMWdre )dim( )el M " 1°:

X;

If we want to avoid this doubling of avors (which has of coursenothing
to do with the \fermion doubling problem" discussedin Section 2.3) for
any M, with det(M) positive and real, we cansetA = = M, retaining the
determinart of M asdet(M) = det(AYA).

A Simple Updating Scheme with Pseudofermions

We want to discussherea simple updating schemefor the partition function
(5.4.2). In this two-stepupdating shemewe update U in steponeand in
the other.

For xed U wecangenerate directly from the distribution el M * i*d

(Gibbs sampling, seeSection4.6): This can be done by generatingan

auxiliary vector accordingto the gaussiandensity el i* and setting
=M .

To update U we usethe Metropolis-Hastingsalgorithm 4.4: For xed
generatea proposalgauge eld U°from U with a transition probability
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function Q(UJU) = q(UjU)dU® and acceptit with
!

q(UjU()e Sg(U9j M (U9 j?

(UGU)e Se)i M () PP

min 1; (5.4.3)

Note that in ewery of thesetwo stepswe have to re-calculateM ! | either
because changesor becauseU and therefore M = M (U) changes. This
calculation of M ! is the most time consumingpart of this procedure. It
can be donee cien tly using conjugategradiert algorithms (seefor instance
[36]) which can solvwe the problem in a time proportional to the size of the
matrix n for sparsematrices, like the Dirac Matrices we are concernedabout.

A sweepthrough the whole lattice thus takesa time proportional to N2
(Ns beingthe number of lattice sites)for the updating schemediscussedere.

5.5 Hybrid Monte Carlo for Lattice QCD

We will now discusshow the secondstep of the algorithm of the last Section
canbe replacedby the Hybrid Monte Carlo procedure(seealso Section4.9).

For this we needa generalizationof the Hamiltonian ewlution for a sys-
tem of classicalmedanicsto our systemof U elds (the pseudofermions
we want to hold constart in this step). This generalizationcan be found in
[37]: For every U 2 SU(3) a conjugate momertum p 2 su(3) is introduced
which is usedto de ne a time derivative of U as

U= ipU ; (5.5.1)

which is the equationof motion of U. Thesemomeria arethen usedto de ne
a Hamiltonian as

X

H = tr(p? )+ Sg+ Y(MYM) * (5.5.2)

NI =

The equation of motion for p is retained by writing down H- in terms of
U;p; W and p and demandingthat H- = 0. This givesp = f (U;p;W. The
function f of coursedependson the H which in turn dependson p and the
action used. The exactform of f for Wilson's gaugeaction and staggeredas
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well as Wilson's fermion action can be found in [37]. For the Luster-Weisz
action and the chirally improved fermionic action we will deriveit in Chapter
6.

To do the ewlution we still needa way to integrate the equations of
motion. The integration shemehasto be reversibleand areapreserving. It
should consere energy as good as possible,sincea large H leedsto poor
acceptance.A particularly simpleintegration schemethat is areapreserving
and reversibleis the leapfrog integration. We call the ewlution time t again,
and divide it into n intervals of t = t=n:

U(2) = €7 PO U(0)
for s=0tot 2tstep tdo
p(s+ t) = p(s) + p(s) t
Us+ 31) = € 176" 2) U(s+ )
end for

p(t) = IO(tt t)t+ p(t 1)t

u =€z 22ue 4
How doesthe cost of this HMC updating grow as a function of the volume
N ? Sincethe acceptanceprobability falls exponertially like e "' we have
to keep H small, otherwisewe will get very poor performance.We can keep
it small by adjusting t. It hasbeenshawn [38, 39 that with this integration
sdhemein order to keeph Hi constart the integration step sizehasto grow
like it / N&~*. Therefore,in order to keept constart the number of stepsn
hasto grow like n/ Ns~*. Sincethe cost of evaluating H grows like N the
cost of HMC with leapfrogintegration grows like N&~.

5.6 The Cost of Dynamical Fermion Simula-
tions

In this Sectionwe want to discussthe cost of dynamical fermion simulations
usingthe Hybrid Monte Carlo algorithm dependingon the (not independert)
quartites M =M (determined by the quark massm,) the number of lattice
sites Ng the physical lattice volume V and the lattice spacinga. For tradi-
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tional HMC an empirical formula for the scaling behavior can be found in
[40]. It wasfound that the cost grows proportional to :
m 6
— V™a ’: (5.6.1)
m
This behavior was found empirically. We want to discusssometheoretical
argumerts supporting that it should be like that.

The V dependence:At constart a and quark massparameterthe phys-
ical volumeV / Ng. The cost of evaluating our action grows like N.
Another factor of N is obtained becausegoing to larger lattices the
integration step size during the molecular dynamicstrajectory hasto
be decreased38, 39.

The a dependence: To keep the physical volume V constart when
decreasinga, Ns hasto grow proportional to a #, therefore from the
NS~ growth of the costdiscussedabove we get a factor proportional to
a °. Onealsoexpectsa growth of the costrelated to the fact that the
condition number of the fermion matrix grows like 1=(amy), or like 1=a
for my held xed. This is expectedto make the inversionof the fermion
matrix more expensi\e by a factor of 1=a?. Also the integration step
sizehasto be decreasedvhenthe condition number is increased.

The M =M dependence:The costof the inversionis expectedto grow
like 1=(am)?, in addition to this the integration step size hasto be
shrunk. This provides a factor of mq3 for xed a. Using the relation
M2/ mq (leading order chiral perturbation theory) and the fact that
M is approading a constart when my is taken to zero this gives a
factor (M =M ) ¢ in leading order of m,.

Dynamical fermion actionsusingWilson's action and traditional HMC proved
to beimpracticalatM =M < 0:5,orM < 400V eV onthe computersavail-
abletoday or in the nearfuture (see[41, 42, 43 44, 45 for somemorerecern
results).

Recen algorithmic dewelopmerts now allow to simulate Wilson's theory
at much smaller massesthan with traditional algorithms. One approadh
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[46] is to use multiple pseudofermiond47]together with multiple timescale
integration [48]. The other approad is to usedomaindecompsition methods
[49].

These new methods may overcomethe (M =M ) & cost increaseof dy-
namical fermion simulations and promiseto allow to simulate at pion masses
aslow as200MeV in the near future [5Q.

5.7 Impro ved Actions

Apart from improvemen of the algorithm there is much room for improving
the performanceof dynamical fermion simulations by usingimproved actions.
This can be seenfrom the discussionin Section5.6. Improved actions allow
to work with larger lattice spacingsa and the cost of the simulations grows
asa ’.

Traditional perturbatively improved fermionicactionslike clover-improved
Wilson and improved staggeredas well as improved gaugeactions like the
Lusder-Weisz action have long beenusedin dynamical simulations. They
can be usedwith HMC straightforwardly.

It hasbeenshawn that link-smearing canimprove fermionic actions sub-
stantially. Factorsof two in lattice spacingcould be gainedin testswith HYP
smearedink variables[16]. Thereforesud techniquesbear a large potential
for improvemern in quendied aswell asin dynamical simulations. Unfortu-
nately traditional smearedlink variablesare not well suited for being used
together with the HMC algorithm sincethey aredi cult to di erentiate. To
circumvert that problem di erent ways have beensuggested:The rst one
wasto dewelop methods other than HMC for the simulation of quantum eld
theorieswith dynamical fermions[51, 52, 53]. Theseare very substartially
improved versionsof the algorithm discussedn Section5.4. The big down-
turn of thesemethodsis that they scaleunfavorably with the lattice volume,
like V2, or maybe even worse.

Another approad to do dynamical fermion simulations with smearedink
variablesis to dewelop new methods of smearing,which can be usedtogether
with HMC [54, 55].
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5.8 Ginsparg-Wilson Type Actions

Having an action which ful lls the Ginsparg-Wilsonrelation certainly is very
desirablefor every quended and dynamical simulation. Besidesother ad-
vantagessud actions are expectedto allow for larger lattice spacingswhich
is a de nite advantage when it comesto performanceof dynamical fermion
simulations. Of coursesud actions are much more expensiwe to evaluate
than Wilson's action at large quark massesand a given lattice size. How-
ewver, when goingto small quark massesand exploiting the fact that onecan
usecoarserlattices it might well be that simulations with Ginsparg-Wilson
actionsturn out to be even cheaper at somepoint.
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Chapter 6

Hybrid Monte Carlo for
Generalized Dirac Op erators

6.1 Outline

This chapter descriles the technical aspects of a Hybrid Monte Carlo ap-
plied to actions cortaining a generalizedDirac operators. Though we have
implemerted and testedit only in caseof the chirally improved operator, the
methods descrited here can be applied more generally

6.2 The Basic Hamiltonian Evolution

We start describingthe ewlution of a basicHMC Hamiltonian:

H:%X tr(p? )+ Sg+ Y(MM) * (6.2.1)
i;
wherethe p;. are tracelesshermitian matrices acting as conjugate momerta
to U. , arecomplexvectors (pseudofermions)M = M (U) is the fermion
matrix and Sy = Sy(U) is the gaugeaction. For the momert we assumethat
the Dirac matrix actsdirectly on the thin link variables,the caseof smearing
will be discussedater.
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Figure 6.1: The typesof gaugeloopsof the Lusder-Weiszgaugeaction. Top:
The plaquette; Bottom: The rectangle;Right: The twisted bert

6.2.1 The Equations of Motion

In this Sectionwe derive the equationsof motion for our Hamiltonian (6.2.1).
We will do this by generalizingthe methods of [37] for our action. The
equation of motion for the link variablesU is de ned as

U =ip; U (6.2.2)
We now formally write down the time derivative of our Hamiltonian
X
H= t(p_p )+ Sg+ §( Y(MM) * )¢ (6.2.3)

i
1

To derive the equation of motion for p is we demandthat the time ewo-
lution leavesH invariant.

Contributions from the Gauge Action

As our gauge action we choose the Lusder-Weisz gauge action [56]. In
addition to the plaquette term from Wilson's gaugeaction it cortains a sum
over all plane 2 1 loops, which we call rectangle, and all closedloops of
length 6 along the edgesof all 3-cubes, which we call twisted bert (seealso
Fig. 6.1).
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X
Sg= 1 iRetr[l U"]+ , iRetr[l U™+

X e (6.2.4)
3 sRetr[1  UPY];
par
with three real coe cients 41; » and 3. To take the derivative we rst
rewrite this as

X X
Sg= 1 itr[1 UM (UPY]+ , il U (UTY+
NG e (6.2.5)
s Str[lUPT (UPAyY:
par

For the time derivative Sq we have to generalizethe notion of a staple for the
plagquette to the longerloops: The usual staplesvx?' (for alink variable U,. )
are de ned asthe sum over all open 3-loopsstarting at x + * and ending at
X. We de ne V,.® assum over all open 5-loopsstarting at x + * and ending
at x which onegetsby removing U,. from the correspnding rectangle,and
V,p3" analogous.Using thesede nitions we get

X
Sg = 1 %tr[ Ux; VxF;)I Uz (er;)I )y]+
X
2 gt V& W (V)T (6.2.6)
X

3 iU VET W (V)]

Using the relation (6.2.2), hermiticity of p;, , and reorderingwe get

X
Sg=  iftfip; U (VP + M+ VP
X (6.2.7)
(DU P (V) + 2+ (V)G

Using the cyclicity of the trace we further rewrite this as

X
Sg=  itrp iU (VP + Ve+ VP4
is (6.2.8)
2P+ (VY + (VP DY) T
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Contributions from the Fermionic Action

We wart to get the time derivative of the fermionic part of our Hamiltonian
(6.2.1), which is

S = YMYM) T o (6.2.9)
We employ a standard trick to rewrite M. ! in terms of M.
d
—(M M)=0; (6.2.10)
dt
and therefore
M= M MM ' (6.2.11)

Using this (and the analogfor MY) we get

yg(|\/|V|\/|) L= [ XYMYMX + XYMYM X]
dt (6.2.12)

= [XYMYMX + h.c];

whereX = (MYM) ! | andh.c. standsfor hermitian conjugate(of the term
left of it). De ning P = X XY (exterior product) and using the cyclicity of
the trace we can further rewrite this as

y%(M YM) 1 = t[PMYM.+ h.c]: (6.2.13)

Next we split o the massterm m from the Dirac matrix M
M(U) = D(U)+ m : (6.2.14)
Of coursethe constart term givesno cortribution to the derivative, therefore
M.(U) = D(U) : (6.2.15)

The gaugedependent part D(U) of our generalizedDirac matrix can be
written as X
D= Ch xniyn On  Un: (6.2.16)

n
Every of theseblocks connectgust two sitesx,, andy,. Thed, 2 f 1;:::; 160
are Cli ord algebraelemeits (acting on the Dirac componerts of our vectors
only), u, is a certain gaugepath betweenx,, andy,, and ¢, is a real coe -
ciernt (seealsoFig. 6.2). We now write down the equationsof motion for one

43



> ©
1
/ !
g o= 2
3 o Va)
’J
G & o

Figure 6.2: A sthematic represemation of three arbitrary terms of a gener-
alized Dirac operator.

sud elemen in the most generalform. For the matter of illustration we will
for amomert assumethat u = U;,. ,U’. U,,. ,. Togetatime derivative for

j2; 2

our exampleu we use(6.2.2) obtaining

i1, 1

u=ipj,; ,U,; U U,

1, 12, 2

+ Ujl? 1UJ'y2; 2( ipiz; 2)Ujs; 3 (6-2-17)
+ Ujl; 1Uj)/2; 2(ipj3§ 3U13§ 3) :

We generalizethis to an arbitrary u from (6.2.16), consisting of arbitrarily
mary link variables. Its time derivative canalways be written it the following
form: X .
u= Wi (i )Wk 25 (6.2.18)
JHHS
whereW,. .« .1 and W, . ., are againproducts of link variables. Using this we
get an expressiondor M. :

X
M. = Gk X Wi d;; i« Wik a( P Wik 2 (6.2.19)

JHHS
We have replacedthe index n from (6.2.16= by the multi-index j; ; k where
j and referto the site and direction of p and k is an additional index which
we needbecausein generalthere are more than one term correspnding to
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onep. For & we now get

S = JxMM) b o=
X
ik

#
dj; k Wj; ik ;l( ipj; )Wj; k2t h.c.

Xjik 3Yjk
(6.2.20)

Using the cyclicity of the trace we can collectthe momerta (p;. ) onthe left

side:
" #
X X
S = tre 1p;; Wik 2tras(PMY x oy i Wi ) hcl
is k
(6.2.21)
Here we have introduced the notation tr. for a trace over the color indices

only and tr 4. for a trace over Dirac and site indices.

Putting the Contributions Together

We are now ready to derive our secondequation of motion, which, together
with the rst equation of motion (6.2.2) will de ne our Hamiltonian ewlu-
tion. We have preparedall our derivative terms sud that the momerta (p;. )
appear on the left side, we will now pull them out:

X

H = tre (P B )+ Sg+ S =
X (6.2.22)
= trefp [g ff fjf; lg;
f

wherewe de ne the gaugeforce fj? as

fg = %[in; ( le;pl + 2Vj;re_l_ 3Vj;par)+

g oy oy by (1 1 (6.2.23)
(V7)Y + 205+ (V7)) DU TS
and the fermionic force fjf; as
X
flo= 0 Wik 2trags(PMY «, woo ik Wik ) hcl: (6.2.24)
k
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To getour secondequationof motion we demandthat the ewlution conseres
energy i.e., H.= 0. Looking at (6.2.22) we seethat for this condition to hold
it is su cient that

p. =fJ +f] ¢ (6.2.25)

To ensurethat our ewlution of the U eld leavesit within the group of
SU(3) we haveto make surethat pistracelessand hermitian during the whole
ewlution. In orderto ensurethis we haveto ensurethat p is always hermitian
and traceless.By construction our forceterm fj? + fjf; is hermitian, but in
generalit is not traceless.We have to make it tracelessexplicitly. We have
somefreedomto do that. One simple choicedoing this leadsusto our second
equation of motion

o =f2 +f0  Lu(f? +f): (6.2.26)

To seethat this will still consere energywe substitute p;. for the right hand
side of the above equationinto (6.2.22):
— X _ g9 f 1 g9 f g9 f
H=trdfpg [T + 1 sy +f ) 17 1]
X f (6.2.27)
= trefp, [ tr(f? +f; )lg=0:
I
That this expressionis zero holds becausep; is a tracelessmatrix and
str(f} +fjf ) isjust aconstant. Thereforetr fp; [ 3tr(f? +fj‘; )]g= 0.
We summarizewhat we have acieved:

We have derived our two equations of motion (equations (6.2.2) and
(6.2.26)), which we needfor the Hamiltonian ewlution. This ewlution
consenesthe energy(H-= 0) and it ewlvesthe U-eld sud that its
elemerns remain within the group of SU(3).

The secondequation of motion we have split into a part coming from
the gaugeaction fj? and another coming from the fermionic action
fj‘: . Theseterms we call fermionic force and gaugeforce, respectively.

The relatively simple gaugeforcefj;g we have given explicitly.
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The much morecomplicatedfermionicforcefjf; (which comesfrom our
generalizedDirac operator) we have not derived explicitly. Instead we
have split the Dirac operator into simplefragmerts (6.2.16)and written
down the derivative of thesefragmerts in a standard form (6.2.18). We
can tabularize all the derivative terms in this standard form (using a
computer program). Equation (6.2.24) tells us how ewery one of these
terms cortributes to the fermionicforcefjf; , and thereforeto our second
equation of motion (6.2.26).

6.3 Mass Preconditioning

In this Sectionwe want to discussa method introducedin [47] called Mass
Preconditioning, which is alsoreferredto as Hasenbuschrrick. It hasbeen
shown that this method can signi cantly speedup dynamical fermion simu-
lations using HMC [47, 46, 57].

Here we want to adapt this method for M, and discusstechnical issues
on how to employ this in an HMC simulation. To do that we needto have at
leastapproximate boundsfor the eigervaluesof the operator. We will assume
the ideal caseof the spectrum lying on the Ginsparg-Wilsoncircle (seeFig.
3.2), with the massparameter de ned asin (3.3.4). If M¢,(0) denotesthe
masslesghirally improved operator then the massive oneMc¢,( ) is:

Mc()=@1 ) Mc(0)+

1 ; (6.3.1)

with a massparameter0 < < 1. The eigervaluesof M¢,( ) are bounded
by

min — y

(6.3.2)
max =2
Thereforethe condition number is
2
= M -= - (6.3.3)

min
In the partition function Z (5.1.4) only the determinart of the fermionic
matrix appears. Thereforewe can safelyreplacethe fermionic matrix, M =
Mci( ) in our case,by any matrix with the samedeterminart.
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: . . R
For instance one could replaceit by a matrix of n  n blocks with " M
in the diagonaland zerosewerywhereelse:

1
i M 0 0
A:%O ST :g; (6.3.4)
: pO
0 o "M
The condition number for this matrix A is the sameasfor onediagonalblock,
in our case: r
Ir:1) BZVEY n 2
(A) = M)y=rn ——: (6.3.5)

In [57] it was proposedto appraximate the n-th roots of M by a rational
approximation, theoretical argumerns are given that using that in an HMC
setup can lead to a performanceincrease,the optimal choice of n, for the
two avor case,was derived to be noy = log( (M)?2).

The original proposal of [47] avoids the needfor taking (approximating)
roots of the fermionic matrix. The method is laid out for Wilson's fermions
in [47]. Herewe will work out an analogfor a Ginsparg-Wilsonoperator, like
the CI operator. The caseof n = 2 blocks will be discussedrst. De ne a
matrix B: I

Y3 0
B = : 6.3.6
0O MM 1 ( )
with
M=M+a: (6.3.7)

This a is a real constan, its choice will be discussednext. The spectral
boundsand condition number for M are

min (M) = +a;
max (M) = 2 +ta; (6.3.8)
(M) = 2+7+aa :
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Figure 6.3: The condition number (B) = maxf (M); (R)g (6.3.10)takes
a minimum where (M) = (R). This holdsfor any 0< < 1, for this plot
we have set = 0:02.

the spectral boundsfor R = M NI 1

min (R) = T a ;
2
max (R) = 5——— (6.3.9)
2 +a
(R) = ((2 X . ) .
We restrict the calculationsto positive massparameters,0 < < 1. For
a+ = 0the matrix Nr is singular, thereforewe choosea+ > 0. Under

theseconditions (M) is monotonically decreasingvith aand (R) is mono-
tonically increasingwith a. Therefore the condition number for B which
IS

(B) = maxf (M); (R)g (6.3.10)
will take a minimum when (M) = (R) (seealsoFig. 6.3). This equation
hasonesolution fora+ > Oat

Y
3+32 2 P —
aopt = p— = 2 +0( 2): (6.3.11)
For the condition numbersof R and MI' we get
r_
2
(M) = om(R)= =+ 0O( ?): (6.3.12)
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In leadingorderin this is the sameas (A) (6.3.4) with n = 2.
To generalizethis for n 6 2 we de ne a matrix which we call B againas

1
T, 0 0
0 NMwm,t - :
B = E@ 27 E : (6.3.13)
: 0
0 0 MN, Y
with
Mi=M+a: (6.3.14)

For the condition numbers of the di erent non-zeroblocks we get

2 +a;
1= (|\7r1)=+7a11,
o - @ )Nata ) : ,
i = (MGG ) 2 +a.a 2 i n 1); (6.3.15)
_ 1o @ ) +tan)
s My

Next we will show that for small the a can be chosensud that the con-
dition numberof B, (B)= " (M), the sameasfor A of (6.3.4). For the
a, we make an educatedguess: From our prior experiencewith n q=_2 we
assumethat for small a 2. Then ; % Setting i = n 2 gnd
solving(fqor a; wegeta, = 2"+ . We do the samefor oo 2loset

n 1

& L= n Eandgetan L= 27
Forgenerall i n 1wetry the ansatz:

n_i

g =2 0 (6.3.16)

For all dierent ; we then get

= 24009 (6.3.17)

s

(which hasbeentested using a computer algebraprogram). Thus we get
r__
2 o R 7y 0
B)="—-+0( )= M)+ O( °): (6.3.18)
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Mass Preconditioning and HMC

Becausedet(B) = det(M) we can useB instead of M in our Hamiltonian
(6.2.1). The fermionic part of this Hamiltonian would then be

S = YBYB) ! : (6.3.19)

This can be written asa sum:

S = 1(|\7ri/|\7r1) Y

X 1
+ VI(vNE YNNG T (6.3.20)

i=2
+ %[(M Ivrn 11)yM Ivrn 11] ! n -

De ning M, = M this can be written more compactly as

X
S = NN g+ VIONENTG YNNG ]t (6.3.21)
i=2
We warnt to take the time derivative of this. For the rst term we get, in
completeanalogyto (6.2.12):

JOMIN) L = [XIMYMRX.+ hel; (6.3.22)

where
Xy = (M])_IM]_) 1 1 (6323)

and h.c. standsfor hermitian conjugate (of the term left of it). The other
terms are more complicated:
?%[(Mi VT l1)y|\7ri VT 11] =
?/%[Mi 1M l(Miy) lIVriy 1] i =
y L Ly Ly (6.3.24)
+ [ YW N ENEY) MY ) G+ hied]

Becauses; is just a constart, it doesnot cortribute to the time derivative,
thus:
M= 4(M +a)=M: (6.3.25)
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Using this we can put the result of (6.3.24) into a much more compactform:
?%[(Mi VT, l1)y|\7ri T, 11] L=
[ VM oM PN H(VEY) I+ hiel+
+ [ MM (M) MY+ hiel] =

(6.3.26)
XIMYMX; + hicl+
+ [ IMX; + hic] =
[(XIMY  N)MX; + hic] ;
where
X = N f(wrY)y N (6.3.27)
6.4 Smearing

Somesort of smearingis part of almost every non-perturbatively improved
fermionic action. In all mayor quended calculations using the chirally im-
proved action the HYP smearing[58] has been used, i.e., the chirally im-
proved operator has beenapplied to HYP smearedlink variablesinstead of
thin link variables. HYP smearingcan be seenasextensionof APE smearing
[59]. Wewant to discussthe caseof isotropic four dimensionalAPE smearing
rst. There,asa rst stepto ewery link variable U the sum of the asseiated
staplesV times somefactor is added:

g2 =U. + Vi ; (6.4.1)
X
V. = [Ug Ugen, UYin + UL o Ugoa U e 1 (6.4.2)
6
In a secondstep this is projected into SU(3) (suppressindecesx and )
0°! 0. In traditional APE smearingthis projection is de ned as0 2 SU(3)
which maximizesRe tr OO%. Tednically this is doneasan iterativ e process.
This iterativ e procedurerendersthe di erentiation with respect to the thin
link variables, which is neededfor HMC, dicult if not impossible. HYP
smearingconsistsof three stepsof modi ed APE smearing,which are sud
that every smearedlink variable gets cortributions only from link variables
within the samehypercube. It is therefore more local than three steps of
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usual APE smearing. In ewery of thesethree stepsagainthe above described
projection procedureis used. HYP smearingthereforehasthe sameproblems
with di erentiation as APE smearing.

The problemswith the di erentiation can be circumverted by replacing
the iterativ e projection procedureby somethingelse. The rst versionof an
almostdi erentiable projection was proposedand successfulisedin an HMC
setupin [54).

In our project we usedthe method of stout smearing[55]. More precisely
we usedfour dimensionalisotropic stout smearing: The rst stepis doneas
descrited in (6.4.1). To get our smearedlink variable O (suppressindices
again)

U = exp(iQ)U (6.4.3)

where
Q:%( ) 2—13tr( Y ) (6.4.4)

which is a tracelessanti hermitian matrix by construction, and
=V (6.4.5)

The value of should be chosensud that the plaquette of the resulting
smearedlink variablesbecomesa maximum (in this casethe smearingtakes
the maximal e ect). After sometesting we have chosena value of = 0:165
for all our runs.

We now rede ne our fermionic action to act on stout-smearedlink vari-
ablesinstead of thin link variables. For our Hamiltonian ewlution we have
then to reinterpret the derivative terms in (6.2.24) as derivatives terms of
the action with respect to the smearedlink variables. We then needto get
the derivatives of thesesmearedlink variableswith respect to the thin link
variables(sincethe thin link variablesare the oneswe warnt to ewlve). For
this we want to referto [55] wherethesederivativesare worked out in detail
for a more generalcasethan ours.
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Chapter 7

Simulating QCD with two
Dynamical Flavors of CI
Fermions

7.1 Intro duction

In the last chapter the theoretical framework of dynamical chirally improved
fermion simulations with the Hybrid Monte Carlo algorithm has beendis-
cussed. After deweloping these techniqueswe have implemerted them and
started to do simulations. The aim of this chapter is to discussvarious as-
pects of these simulations. Someresults have also been published in Ref.s
[12,11, 10.

7.2 Overview

We want to start this chapter with an overview over the simulations per-
formed. Table 7.1 contains the simulation parametersand somebasic mea-
sured quartities of all these simulations. The parameter determining ead
simulation arethe lattice size,the parameters ;; ,; 3 forthe Lusther-Weisz
gaugeaction, and the quark-massparameter (in lattice units) am (for the
exact de nition of the massparameter seeSection7.4.1). Lattice sizesare
8% 16and 12 24.
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lattice size 12 24

3 am

aMaw

HMC fplag

time

as[fm]

5.2 -0.408
5.2 -0.408
5.3 -0.418
5.3 -0.419
4.7 -0.389

® Q0 T 9

-0.00552 0.02
-0.00552 0.03
-0.00575 0.04
-0.00576 0.05

0.025(1)
0.037(1)
0.037(2)
0.050(1)

-0.00583 -0.05 0.023(2)

463
363
438
302
386

0.490
0.489
0.496
0.493
0.462

0.115(6)
0.125(6)
0.120(4)
0.129(1)
0.147(18)

lattice size 8°

24

# o

2 3

am HMC
time

tplag

as[fm]

aa 5.3
bb 5.4
cc 54

-0.419 -0.00579 0.05
-0.423 -0.00574 0.05
-0.427 -0.00427 0.08

1245
649
776

0.493
0.502
0.497

0.135(3)
0.114(3)
0.138(3)

Table 7.1: Summary of the simulations performed

The statistics gatheredis expressedvia the total HMC time. The basic
measuredquartities in Table 7.1 are the expectation value of the plaquette,
the lattice spacing(determined using the Sommerparameter [60)) and the
AWI quark mass(seealso Section7.4.1).

It is expectedthat, dependingon the quark action used,dynamical quarks
renormalize the gauge, leading to an e ectively smaller gauge coupling g

(seefor instance [61]).

The lattice spacingis expected to decreasewhen

goingto smallerquark massegkeepingthe parametersof the gaugecoupling
constart). The dependenceof the lattice spacing on gauge coupling and
quark massfor our runs is summarizedas a diagramin Fig. 7.1.
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Figure 7.1: Changeof the lattice spacinga (givenin fm), asa function of the
AWI quark massamay, andthe LW gaugeaction parameter 4, for lattices
of sizel?® 24.

7.3 Fixing the Parameters for the Tadpole
Impro ved Leuscher-W eisz Gauge Action

The chirally improved operator, aswe are using it, has beenoptimized and
tested with quented gaugecon gurations, generatedwith the tadpole im-
proved Lusder-Weisz gaugeaction [62]. We decidedto usethis action for
our dynamical simulations too.

The Luster-Weisz action is discussedin Section 6.2.1, where also the
molecular dynamics equationsof motion are derived. What is not discussed
there is how the coecients ; , and 3 of (6.2.4) are determined. For
this we follow the method of [62]: The coecient ; is chosento be the
independert gaugecoupling, and the other two, , and 3, are determined
from tadpole-improved perturbation theory. The ideais to calculate , and

3 self-consistetly from

1
2

— 1 H . — 1 4 .
Up = gRetrrUpu ; = 3:06839|Og Uy (7.3.1)
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as

1 1
= 1+ 0:4805 ) ; = —=0:03325 : 7.3.2
2 ZOU% ( ) 3 U% ( )

At this point we want to distinguish betweenthe assume plaquetteand the
measured plaquette: The assumedlaquette (the term plaquette is usedasan
abbreviation for Retr hUy i) is what erters (7.3.1). The measuredplaquetteis
what is measuredn an actual simulation. Selfconsistencyis achievedif these
two match. For our further discussionit is very practical to parameterizethe
LW action via ; and the assumedplaquette. The demandedmatching can
be achieved using an iterativ e procedure: One starts to simulate at some ;
and assumedlaquette and measureghe plaquette for this simulation. Then
one doesthe simulation with the same ; but with the assumedplaquette
set to the measuredone of the previous simulation, and measuresthe pla-
quette again. This procedurehasto be redoneuntil assumedand measured
plaquette corverge. In quendied simulations this has beendone with high
precisionfor a rangeof ; values[63].

For dynamical simulations sud exact self-consistencyis much more dif-
cult to adhiewve than in the quended case. In dynamical simulations the
re-determination of the assumedplaquette hasto be donenot only for every

1 but alsofor ewery di erent am. This would meanthat we would have to
redo the iterativ e proceduredescriked above for ead of our runs. Of course
the dynamical simulations are expensiwe and an iterativ e procedureto deter-
mine the valueswith a precisioncomparableto that achievedin the quended
case([63)]) is not feasiblefor us: we can simply not a ord to generatese\eral
ensenbles of dynamical con gurations just for that.

It should also be mertioned here, that the amourt of improvemen one
expectsfrom an improved gaugeaction is lessthan for a quended simulation
anyway. Improved gaugeactions like the tadpole improved Lusder-Weisz
action start from Wilson's gaugeaction which is formulated in terms of 1
1 loops and longer loops to remove O(a?) artefacts (seealso Section 2.5).
For theseimprovemerts, it is assumedthat there are no other gaugeloops
than the onescoming from the gaugeaction, which is the casein quented
simulations. On the other hand, any fermionic action usedin a dynamical
simulation will introduce gaugeloops of various lengths. Theselonger loops
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lattice size 12 24

# 1 2 3 assumed measured dierence
plaguette plaquette [% m. pl.]

a 5.2 -0.408 -0.00552 0.500 0.490 2.0%

b 5.2 -0.408 -0.00552 0.500 0.489 2.2%

c 5.3 -0.418 -0.00575 0.495 0.496 0.2%

d 5.3 -0.419 -0.00576 0.494 0.493 0.2%

e 4.7 -0.389 -0.00583 0.460 0.462 0.4%
lattice size 8% 24

# 1 2 3 assumed measured dierence

plaquette plaquette [% m. pl.]
e 5.3 -0.419 -0.00579 0.493 0.493 0.0%
5.4 -0.423 -0.00574 0.500 0.502 0.4%
g 5.4 -0.427 -0.00427 0.493 0.497 0.8%

Table 7.2: Adjustment of the parametersof the tadpole improved Lusder-
Weisz gaugeaction. ldeally the valuesof the assumedplaquette and mea-
sured plaguette should match.

will certainly modify some of the improvemen e ects from the carefully
for the quended caseadjusted improved action. Therefore, in dynamical
simulations, one cannot expect asmuch from improved gaugeactions,asone
would expect in quendied simulations.

Becauseof the points discussedabove, we decidedto adjust the assumed
plaquette only approximately, typically readjusting the assumedplaquette
oncefor eat run. In Table7.2valuesof the assumedand measuredblaquette,
and the valuesof , and 3 resulting from the quoted assumedplaquette,
for the variousruns can be found. The assumedplaquette deviatesfrom the
measuredplaquette by maximally 2.2 % of the measuredplaquette in all the
di erent runs.
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7.4 Quark Masses

7.4.1 Quark Mass Parameters

We want to start this Section by stressinga similarity between the mass
parametersof the chirally improved Dirac operator and Wilson's Dirac op-
erator. For Wilson's operator (2.3.11) one has to adjust the parameter
according to the underlying gauge con gurations. For ewery ensenble of
gaugecon gurations (generatedaccordingto a quendied or full QCD par-
tition function) there is a critical . at which the quarks get massless.If
oneknows . onecanintroducea quark massusingthe parametervia the
relation amg = 5= 5.

In the caseof the chirally improved Dirac operator there exist two param-
eterscalled zg and z, (acting in the scalarand vector sectorsof the operator)
which have to be adjusted accordingto the gaugeensenble in order to get
masslesgquarks [9]. If the z-parametersare properly adjusted the opera-
tor becomesmassless.One can then introduce a nite quark massvia the

relation

Ma()= (@ ) Ma(@+ 1 (7.4.1)

For this work, howewer, we usea slightly di erent massparameterwhich we
call am and which is introducedvia the relation

Mci(am) = M (0) + am: (7.4.2)

To seehow this correspndsto  of (7.4.1)wescaleM ( ) by afactor 1=(1 ).

Sud a scalingis always allowed, sincethis introducesfactor to the fermionic
determinart which is the samefor all gaugecon gurations and thus cancels
out of the partition function. We call this scaledoperator M2, ( ), and write

it down explicitly:

Mci( ) = M (0) + 1 (7.4.3)
Comparing equations(7.4.3) and (7.4.2) we nd the relation
am=——= +0( ?: (7.4.4)

1

Through this relation the parameteram can always strictly be related to
We alsowant to note that in the range of massparameterswe want to use
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the di erence betweenam and is relatively small, for instancethe smallest
am = 0:.02 correspndsto = 0:0196and the largest massparameter used
in our calculationson 12 24 lattices, am = 0:05 corresppndsto = 0:047.

Let usreturn to the z parameters. Practically, the z-parameterscan be
adjustedby inspecting the low-lying eigervaluesof the massles®irac matrix.
Theseeigervalueslie, more or lessexactly, on a circle. The z-parametersare
adjusted sud that this circle goesthrough the point 0. This can be done
relatively easily in the quended case. Given an ensenble of con gurations
the spectrum of M¢,(0) for di erent z-parametersis calculated. Then the
z-parametersfor which the circle goes most exactly through zero is used
for physical calculations. In the dynamical case,howewer, the adjustmert
becomesa time consumingiterative procedure (like the self-consisteh de-
termination of the parametersfor the tadpole-improved LW gaugeaction,
discussedn Section7.3). In this casethe ensenble of gaugecon gurations
is not only dependernt on the gaugeaction but also on the fermionic action
and thus implicitly on the z-parametersthemsehes. This is why it is not
su cient to generategaugecon gurations and adjust z afterwards.

Like in the caseof the assumedolaquette which goesinto the gaugeaction
we did this only approximately. This of coursemeansthat we acceptto have
someadditive quark masscorrection. In all our dynamical simulations we
usedzs = z, = 0:93. This has beenadjusted sud that there is only very
little additive masscorrectionfor the runs c and d, which have beenthe rst
runs on 12 24 lattices we performed. The additive masscorrection can
be easilyread o from Table 7.1, calculating the di erence amay, am
(the de nition of maw, can be found in Subsection7.4.2). This turned out
to be relatively small for runs a { d, between-0.03and 0.05. For run e we
nd a signi cantly larger additive masscorrection of about 0:07. We are
compensatingthis by using a negative massparameterm = 0:05to getan
AWI massin the rangeof about 0:02 (it turned out to be 0:023(2) seeTable
7.1).

Empirically we found a relatively simple, almost linear relation between
the plaquette of the stout smearedgauge con guration hPi_ .. and the
additive mass correction. This is useful for choosing the mass parameter
sud that it compensatesthis additive masscorrection, therfore it is plotted
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Figure 7.2: The additive masscorrection for the Cl operator with z5 = z, =
0:93 for our runs a { e, plotted again the plaquette measuredafter stout
smearingthe underlying con gurations.

in Fig. 7.2.

7.4.2 AWI Quark Mass

The axial Ward identity (AWI) allows for a de nition of the quark massvia
the asymptotic behavior of the relation

Zs h@Aa(p= 1) X (0)i

=2Z,m=2m" : 7.45
Zp hP(p= 0;t) X (0)i " (7.43)

where X is any interpolator couplingto the pion and Z,, Zp and Z,,, denote
the renormalization factors relating the M S-schemeat a scaleof 2 GeV. The
mesoninterpolators P and A4 arede ned in (7.5.1).

The renormalization factors have been calculated for the quendied case
at se\eral valuesof the gaugecoupling and cameout closeto unit value [64].
We do not know the valuesfor the dynamical casebut for the massvalues
presened herewe expect them to be closeto unit value, like in the quended
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case.We therefore compute the ratio

h@A4(p = 0;t) P(0)i
hP(p= 0;t) P(0)i

de ning the so-calledAWI-mass. What we do in practice is to calculate
PAL(p= O;t)P(0)i ; (7.4.7)

in order to construct
h@A4(p= 0;t)P(0)i : (7.4.8)

Ratios involving the lattice derivative @A4 depend on the way the derivative
is taken. Numerical derivativesare always basedon assumptionson the inter-
polating function. Usual simple 2- or 3-point formulas assumepolynomials
asinterpolating functions. We can do better by utilizing the information on
the expected sinh-dependence. In fact, we may use this function for local
3-point (t 1;t; t+ 1) interpolation and get the derivative at t therefrom.
We cannot usecorrelatorslike hX (t) @A4(0)i sincethe sourceis xed to the
time slicet = 0 and thus we cannot construct the lattice derivative there. To
improve the signal for our correlators we usedthe method of Jacobi Smear-
ing, which we discussin Section7.5. However, (7.4.6) assumesnterpolating
elds with point quark sourcesand sinks. The smearingof the sinks intro-
ducesa normalization factor relative to the point sinks. Thesefactors have
therefore got to be calculated and taken into accourt. The factors can be
obtained from the ratios of, e.g.,

_ PE)PI _ PAG(t)Pi

cp—m, cA—W; (7.4.9)

wherethe index s denotesthe interpolator built from smearedsources.Tak-
ing this into accourt we nd the AWI-mass from plateau values like that
shavn in Fig. 7.3. The nal averagewas taken in the sameinterval as
was used for the massanalysis and the error was computed using binned
jack-knife (seealso Section4.10).
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7.5 Mesons

We start this Sectionby de ning the mesoninterpolators we warnt to use:

Pseudoscalar; P =d su;
As=d 5 4U; (7.5.1)
Vector: Vg =d (uU:

whereu and d denotethe quark mass elds. A, denotesthe temporal com-
ponern of the axial vector, which couplesto the pion, like P.
We computedthe correlation functions

hP(p= 0;)P(0)i ; (7.5.2)
hA4(p = 0;t)A4(0)i ; (7.5.3)
hVi(p= 0;t)Vi(0)i : (7.5.4)

The results (see,e.g.,Fig. 7.4) werethen tted to

Ct)=DM) eMt eMT O - (7.5.5)
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Figure 7.4: Correlation function for run (b), for the pseudoscalaftop) and
the vector (bottom) meson. The curves give the results of ts to the cosh
behavior asdiscussedn the text.

To improve the signal we usedthe method of Jacobi smearing. This is a
method for creating extended quark sourceswhich maintains gaugeinvari-
ance. Using extended quark sourcesfor the interpolating functions above
can lead to improved overlap of theseinterpolators with wave function of a
particle oneis interestedin, in our casethe and meson. Even though
one expects best results when smearingthe sourceand the sink, one can get
signi cant improvemert alsowhensmearingonly oneof them. In our studies
we smearedonly the sinks. Doing sois lessexpensive than smearingsources
and sinksin our case becausdor someof our calculationswe needpoint cor-
relators too (seesubsectionon the pion decg constan, later in this section
and Section7.4.2). If onewarnts to use smearedsourcesand point sources,
onehasto calculate quark propagators(i.e. inversesof the Dirac matrix) for
ewery di erent type of sourceonewants to use. By smearingonly the sinks
we were able to use quark propagatorscalculated with point sourcesfor all
our calculations. For the de nitions and notation for the Jacobismearingwe
followed the (quended) studiesin [65, 64]. For the results preserted here
the narrow smearingdistribution was used.
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# aM aM M=M M [MeV] M [MeV]
0.292(10) 0.535(35) 0.55(5) 501(44) 918(109)
0.378(8) 0.619(30) 0.61(4) 597(42) 977(96)
0.326(18) 0.502(21) 0.65(6) 534(48) 823(62)
0.431(8) 0.626(18) 0.69(3) 657(16) 954(33)
0.349(3) 0.755(12) 0.46(1) 468(61) 1011(139)

O QS 0o T o

Table 7.3: Mesonmasses

Meson Masses

The massefthe and are derived from the exponertial decgy of
hP(p= 0;t)P(0)i and hvi(p = 0;t)V;(0)i, the correspnding massesappear-
ing asM in the t function (7.5.5).

Pion Decay Constan t

The pion deca constart f is related to the coe cient of the hA,A,4i corre-
lator with point sourceand sink via

ZiMA4(p=O;t)A400)i M f2e Mt (7.5.6)

and thus may be extracted from the asymptotic behavior.

Like we did for the AWI massesagainwe assumeZ, 1. In Fig. 7.5we
shaw the results, which are compatible with the experimertal values. Also
like in the caseof the AWI massin this caseit is not possibleto usesmeared
sourcedirectly (likewe did in the caseof the mesonmasses).If onewants to
usesmearedsources,onewould have to calculate factors similar to the ones
we had to calculate for the AWI massegsee(7.4.9)). For this measuremen
we usedthe point - point correlation function only, thus avoiding the need
to calculate such factors. Table 7.4 summarizesour results in units of the
Sommerparameter.
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Figure 7.5: f vs pion masssquaredin units of the Sommerparameterr, for
all 4 data sets(a{e). The denotesthe experimertal value.

The Gell-Mann-Oak es-Renner Relation

In full, renormalized QCD the Gell-Mann-Oakes-Renner(GMOR) relation
relatesthe pion and quark masses:

f2M?= 2mq (7.5.7)

Here two avor of degenerate-massjuarks are assumed. The quark mass
and the condensatg/cortribution per avor d.f.) arerenormalizationscheme
depender and haveto be givenin, e.g.,the MS-scheme. Sincethe AWI-mass
Maw IS proportional to the renormalizedquark massmy, a linear relation-
ship like (7.5.7) betweenthe M2 and maw; may hold. Indeed, in lattice
calculations surprisingly linear behavior hasbeenfound.

In Fig. 7.6 we plot our resultsfor M 2 and maw, for all four runs. Within
the errors the results are compatible with the expected linear dependence.
Neglectingthe renormalization factors, and taking the experimertal value of
92 MeV for the pion deca constan, the slope, via (7.5.7) correspnds to
a value for the condensateof = (288(8) MeV)3. The errors are purely
statistical, from the t to the straight line, neglectingpossiblehigher order
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amaw  raM?2 froMaw, rof

0.025(1) 1.62(28) 0.103(9) 0.237(44)
0.037(1) 2.29(33) 0.147(10) 0.321(45)
0.037(2) 1.84(33) 0.154(13) 0.314(44)
0.050(1) 2.78(14) 0.195(6) 0.281(26)
0.023(2) 1.39(38) 0.080(17) 0.293(69)

O 2 0o T o |

Table 7.4: Resultsfor the AWI-massin lattice units, and the AWI-mass, M
and the pion deca constart in units of the Sommer-parameter, (which is
usually assumedio be 0.5 fm).

3 T T T T T T T T

N
4]
T ‘ T
!

o
o
T ‘ T
!

Figure 7.6: The pion masssquaredvs. the AWI-massin units of the Sommer
parameterrg for all 4 data sets(a{e). The tted line correspndsto the lowest
order chiral perturbation theory behavior, i.e., to the GMOR relation (7.5.7).

chiral perturbation theory cortributions.
The GMOR relation alsoallows for a simple de nition of an averagelight
guark massmyqy using the experimertal valuesfor f and M

(92MeV)2(140MeV)?
Myq = > :

(7.5.8)
Using our value for  in this formula givesmq = 3:47(29) MeV.
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7.6 Eigenvalues of the Dirac Matrix

The spectrum of an exact lattice chiral Dirac operator ful lls certain proper-
ties, which have beendiscussedn Chapter 3. The chirally improved operator
is an approximate solution to the GW relation in the form of (3.3.1). Be-
causeit is only approximate, we have to expect the spectrum of the chirally
improved operator to lie on the Ginsparg-Wilsoncircle, asin Fig. 3.2, only
approximately. From the opposite side, we can learn about how well the
operator ful lls the GW relation by looking at its spectrum and compareit
to the ideal caseof the exact GW circle of Fig. 3.2.

In Fig. 7.7 and 7.8 we plot the lowest eigervalues,computedon 7 con g-
urations ead, from runs a and e. We plot them togetherwith the GW circle
of Fig.3.2, wherefor the massparameter we take the measuredAWI mass.
Runsa and e have beenchosenfor this comparisonbecausehey have similar
AWI massesput quite di erent lattice spacings. One can see,that for run
a, which hasthe smallerlattice spacing,the spectrum lies much closerto the
Ginsparg-Wilsoncircle.

There is one very direct and important consequenceesulting from the
spectral properties of a GW operator which we want to stressin somemore
detail. At any nite mass,a GW operator can never becomesingular, there
are no eigervalues lower then (seeagain Fig. 3.2). On the other hand,
using lattice Dirac operators like Wilson's operator or the chirally improved
operator onealways hasto dealwith sud singularitiesat nite masses.These
singularities can of coursebe avoided by choosinglarge enoughquark masses.
On the other hand they alsodisappearin the cortinuum limit. In this respect
the singularities set a certain limit to how small massescan be simulated
with a certain action, lattice size and gaugeparameters. The situation for
dynamical fermion simulations with Wilson's operator and clover improved
Wilson's operator at various lattice sizesand gaugecouplingswas recerly
discussedin [66]. We want to do a similar discussionfor our simulations.
We de ne a spectral gapfor ead gaugecon guration and quark massasthe
smallesteigervalue of M ¢, (am) (smallestin the senseof the absolutevalue):

= minfj j: eigervalue of M¢,(am)g (7.6.1)

We can use random matrix theory argumers to sketch the shape of this
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Figure 7.7: The lowest 40 eigervaluesof 7 con gurations from run a, together
with the Ginsparg-Wilsoncircle correspnding to the AWI mass. The right
picture shavs the sameasthe left picture, but on a larger scale.

distribution for the caseof an exact Ginsparg-Wilson operator: For ewery
topologically nortrivial con guration one would get an eigervalue on the
real axis at the massparameteram. In our distribution this would give a
delta function at am (if we want to normalizeit, we have to multiply this by
the fraction of topologically nontrivial con gurations in our ensenble). For
ewvery topologicallytrivial con guration would belargerthan am. Together
this would give a distribution with a peak at am and a certain tail on the
right side of this peak.

In Fig. 7.9and7.10we have plotted histogramsand HMC-time ewlutions
of the lowest eigervalue for di erent con gurations from our runsa{ e. The
shape of the distribution shows a form like the one expected for an exact
Ginsparg-Wilsonoperator (seediscussionabove), but with somedistortions.
Probably the most interesting aspect of this gure are the eigervalueslying
on the left side of the respective AWI mass. One can seethat for the runs
a, b and d they are not extending too far to the left of the AWI massin
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Figure 7.8: The lowest 100 eigervalues of 7 con gurations from run e, to-
getherwith the Ginsparg-Wilsoncircle correspnding to the AWI mass. The
right picture shows the sameasthe left picture, but on a larger scale.

all cases. Thus it can be expected that there is still someroom for going
to smaller quark massesat similar lattice size and lattice spacingwithout
running into troubles with singular con gurations. The situation looks a bit
di erent for run e which has a signi cantly larger lattice spacingthan the
other runs. There one of the ewaluated con gurations gives an eigervalue
closeto the imaginary axis.

7.7 Topology

In cortinuum QCD the Atiy ah-Singerindex theorem[67]relatesthe topolog-
ical charge of a gaugecon guration to the null-spaceof the Dirac operator.
Operators obeying the Ginsparg-Wilson relation ful ll a lattice version of
the index theorem[68, 69]. A massles$sinsparg-Wilsonoperator possessesa
number of exact zero eigenmaleswhich have a chirality of either +1 or 1.
This meansthat for an eigervector v to an eigervalue = 0 the relation
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Figure 7.9: Histogram and ewlution of the lowest eigervalue, for runs a, and
e. The solid lines in the histogramsand ewlutions mark the measuredAWI
massesthe dashedlinesin the ewlution separatedi erent chains.

sV = Vv holds. We call the number of zero modeswith positive chirality
n. and the number of zeromodeswith negative chirality n . Usingthat, it
is possibleto de ne a lattice topologicalcharge as

=n n. (7.7.1)

which in the cortinuum limit corvergesto the cortinuum topological charge

of Z
1

32 2
For an approximate GW operator like the chirally improved operator, there
are no exactzeromodes. There are exactreal modes,though, which are close
to 0. Thesemodesare the only oneswith a non-vanishing chirality, which,
howewer, is not exactly 1. We use these modesto de ne a topological

d*x (F F ): (7.7.2)
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Figure 7.10: Histogram and ewlution of the lowest eigervalue, for runs b, c
and d. The solid linesin the histogramsand ewlutions mark the measured
AWI massesthe dashedlinesin the ewlution separatedi erent chains.

chargeasin (7.7.1), where now n, courts the number of sudh modeswith

positive chirality and n  the oneswith negative chirality. The distribution
of the topologicalchargeis expectedto be gaussian.In Fig. 7.11normalized
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Figure 7.11: Normalized histogramsof the topological chargefor runsa{ e.

histogramsof the topological chargefor runs a{ e are shown.
The topological susceptibility is de ned by

wop = N %=V (7.7.3)

whereV is the physical volume of the system. This , is related to the
chiral condensate, and number of dynamical quark avors N; of massm
via [70, 7]]

m
op = N + O(m?) : (7.7.4)

The topological susceptibility for runs a { e can be found in Table 7.5. Ac-
cordingto () the topologicalchargeshoulddependlinearly onthe quark mass

73



Mawi [MeV] top

40.8(35) (147 MeV)?
57.9(41) (150 MeV)*
60.6(50) (156 MeV)*
76.8(23) (128 MeV)*
31.4(69) (147 MeV)4

O Q0 T ol

Table 7.5: Topological susceptibilitiesand AWI massedor our runs a { e.
The topological susceptibility is expected to be linearly dependert on the
AWI mass(7.7).

up to order m? corrections. Our data for , is too poor to verify sud a be-
havior. Dueto the very large autocorrelation length of the topologicalcharge
(seeFig. ?7?) it is not even possibleto estimate error bars. The only thing
that we can say that for all our runs the topological susceptibility seemsto
be signi cantly smallerthan the i, (190 MeV)* which was measuredin
guended simulations [72, 73, 74].

7.8 Equilibration and Auto correlation

In Markov Chain Monte Carlo simulations like our the data obtained is al-
ways autocorrelated. A certain number of con gurations which are correlated
to ead other obviously cortain lessinformation than the samenumber of
uncorrelatedcon gurations would cortain. How to quartify this is discussed
in Section4.10. A quartity which is closelyrelated to the autocorrelation
time is the Monte Carlo time which is neededto drive the systeminto equi-
librium, starting at a certain point in the con guration space. This is of
coursenot only dependert on the autocorrelation time, but alsoon the point
in con guration spacewherethe Markov Chain is started. We want to look
at autocorrelation and equilibration for our simulation in this Section.

In Fig. 7.12the time histories for di erent obsenablesfrom run b are
plotted. This run has beenstarted from a a gaugecon guration with all
link variablessetto 1. Sudt a con guration is clearly far out of equilibrium.
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Figure 7.12: Time historiesfor di erent obsenablesfrom run bi Meanplaque-
tte HPi, conjugategradiert iterations for the accept/reject step, the smallest
real part of any eigervalue min(Re( ), the topologicalcharge . The quarti-
ties min(Re( ) and have beencalculatedon ewvery fth con guration only.

Thus one can very well seehow the systemapproatesequilibrium. In Fig.
7.12 we have chosendi erent obsenableswhich showv signi cantly di erent
equilibration behavior and autocorrelation times (and of coursealsodi erent
uctuations). The plaquette, which is a very local quartity, equilibrates
quickly and shows the least autocorrelation of all. The other quartities are
all derived from the lower bound of the spectrum of the Dirac matrix which
re ects long-distance properties of the system. The number of iterations
neededto get convergenceof the conjugategradiert procedurein the accept-
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reject step at the end of ead trajectory dependson the condition number

of MYM, and thus on the smallesteigervalue of MYM . By min(Re( )) we

denote the smallestreal value of any eigervalue for eat con guration (the

distance of the spectrum from the imaginary axis). The topological charge
is de ned asin (7.7.1).

Unfortunately we have not got enoughstatistics to reliably calculate au-
tocorrelation times. For the obsenablesof Fig. 7.12 we can estimate the
order of magnitude by visual inspection. Looking at the periodicity of the
guartities plotted there we would estimate autocorrelation times between10
and 50 for any of them, where the autocorrelation of the topological charge
seemdo be the longest.

This analysis gives us a rough idea on the autocorrelation we have to
expect for the di erent physical quartities we want to measure. Basedon
that we decidedto measureon ewery 5-th con guration. Of coursewhen
doing so one has still got to expect someautocorrelation, which hasto be
takeninto accourt whenestimating statistical errors. For doing that we used
a binned jackknife method (seealso Section4.10).

Also looking at plots like Fig. 7.12 we decidedto discard the rst 100
con gurations from ewery run as not equilibrated. This is indicated by a
dashedline in this gure.

We wart to take a closerlook at the topological charge. This quartity is
known to show long autocorrelation in dynamical fermion simulations with
variousactions[75]. The problemis mostseerefor an exactGinsparg-Wilson
operator, sincefor sud an operator a changeof the topological sectormeans
a discortinuity in the Dirac spectrum, and thereforein the fermionic action.
Sud a discortinuity posesa se\ere problem for the HMC algorithm, which
in its usualform needsan action which is di erentiable. For simulations with
the overlap operator a method hasbeendewelopedto circumvert the problem
[76]. Howewer, the needfor dealing with this problem makes simulations
more expensi\e. For non Ginsparg-Wilsonoperatorslike the Wilson operator
there is no sud discontinuity, but changing a topological sectorcorrespnds
to a rather abrupt changeof the spectrum of these operatorstoo [77]. For
ewvery action, howewer, the changeof topologicalchargebecomesnoredi cult
as the quark massdecreasessince lighter seaquark massesmean stronger
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contributions from dynamical fermions.

The chirally improved operator is an appraximate Ginsparg-Wilson op-
erator. It can be seenas an intermediate betweenthe overlap operator and
Wilson's operator. For the problem of changing topological sectorsin an
HMC simulation there is of courseno strict discortinuity like in the caseof
the overlap operator. On the other hand, it hasto be expected, that the
change of the spectrum when changing topological sectorsis more abrupt
than in the caseof the Wilson Dirac operator. In Fig. ?? the history of the
topological charge is plotted again for run b, together with run a and run
e. For both runs b and a the sameparametersfor the gaugeaction, but a
di erent massparameterhasbeenused(am = 0:03for run bandam = 0:02
for run a, seealsoTable7.1). From thesetwo runs we canthus study how the
frequencyof the changeof topological sectorschangeswhen the quark mass
is decreased.Ilt hasto be expected, that the tunneling frequencydecreases
when going to smaller quark masses. In this plot, howewer, one does not
obsene a signi cant decreasen the frequencyof the change of topological
sectors. In both casesud a changeoccurs about oncein 4 units of HMC
time on average.

For the two runs a and e the AWI massin lattice units is very similar
(am = 0:025for run a and am = 0:023for run e), but the lattice spacing
is signi cancy larger for run e. While the topological susceptibility is signif-
icartly higher for run e, the tunneling frequencyseemso be very similar in
both cases.

7.9 Performance

Most of the computertime neededfor the program, like in other HMC codes
for dynamical fermions, is spent for the conjugate gradiert soler that is
neededin ewery integration step during the molecular dynamics trajectory.
The time neededfor this scaleslinearly with the conjugate gradiert steps.
The cost for one of these steps is largely determined by the cost of the
matrix-vector multiplication. All the other operationsthat onehasto do for
the conjugate gradiert, are negligible in our case. For this reasonwe will
take the number of matrix-vector multiplications neededas a practical and
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madine independert measurefor the cost of our algorithm. We tune the
parametersof our algorithm sud that this number gets small.

The conjugategradiert solver for the moleculardynamicsewlution takes
most of the computer time, but there are other parts of the program which
take a non negligible part of the computertime too. In our code a \Chrono-
logical Inverter by Minimal Residual Extrapolation" [7§ is used, where 12
previous solutions are taken into account (seealso discussionlater in this
Section). This takes 12 matrix-vector multiplications per step, in addition
to the number of matrix-verctor multiplications neededfor the conjugate
gradiert inversion. There is one more conjugate gradiert inversionin the
accept-rejectstep at the end of ead trajectory. Becauset is doneonly once
per trajectory it cortributes little, typically about 2 % of the whole computer
time was neededfor this in our runson 122 24 lattices. A bit more expen-
sive is the calculation of the force term accordingto (6.2.24) and (6.2.23),
wherethe cost of the fermionic force term dominates,and the smearing(see
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dynamics ewlution plotted against the AWI massfor our runs a,b and e.
The blue line is a tted curve proportional to 1=(amaw )?.

Section6.4). In addition to that we needsometime to initialize the chirally
improved Dirac operator. Initialization of the operator, force calculation and
smearinghasto be donein ewery integration step, and it takesthe amourt
of time which about 90 matrix-vector multiplications would take, depending
slightly on the machinesusedand the level of parallelization.

How doesthe cost of the individual cortributions depend on the simu-
lation parameters? The time neededfor initialization, the force terms and
smearingis linearly dependert on the number of steps per trajectory. The
conjugate gradiert solver in the molecular dynamics ewlution is dependert
on the quark mass,the residualand the number of stepsper trajectory. It is
supposedto grow with the quark masslike 1=(amaw; )?. For our runs sud
a behavior canbe seenin Fig. 7.14. This gure cortains only runsa,b and e
sincethe other runs usea di erent conjugategradiert residualand therefore
the costis not directly comparablein this way. For a given quark massone
tries to minimize it choosingthe conjugategradiert residualand the number
of stepsappropriately. In [78] onecan nd a detailed discussionon how to
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# steps/traj t cgres ampaw  acc.rate
a 120 0.008 10 © 0.025(1) 93%
b 100 0.1 10 7 0.037(1) 94 %
c 100 0.1 10 8  0.037(2) 92%
d 50 0.015 108 0.050(1) 89%
e 120 0.008 10 © 0.023(2) 89%

Table 7.6: Parametersfor the moleculardynamicsewlution, AWI massand
acceptancerate for our runs a e. The horizontal lines separateruns with
di erent parametersfor the gaugeaction (seeTable 7.1).

choosetime step and residual. It is recommendedto choosethe time step
sud that one gets acceptancerates closeto one. The authors also discuss
that oneshouldnot choosethe residualtoo large, in orderto avoid violations
of the reversibility of the moleculardynamicsewlution. In Table 7.6 we have
summarizedthe number of stepsper trajectory, cg residual, AWI massand
acceptanceate for our runs a { e. The conjugategradiert residualhasbeen
10 & for our rst run performedon lattice size 12 24, run d. We have
reducedthis down to 10 7 to reducethe cost for our later runs. This is the
only, historical, reasonfor the di erent choice of residuals.

In Table 7.7 the averagecost per unit of HMC time for our runsa{ eis
given in terms of matrix vector multiplications equivalert and CPU hours,
for a 2.2 GHz Opteron processor. The CPU hours are determined running
the program on a cluster of 16 Sunv20z nodeswith 2 Opteron processorsof
2.2 GHz, multiplying the wall-clock time neededby 32. These CPU hours
thereforeinclude alsothe time for the MPI communication.

As alast point in this Sectionwe want to discussthe choiceof the number
of previous solutions usedfor the chronologicalinverter. For this one hasto
nd out how the number of conjugategradiert iterations falls with increasing
number of previous solutions. We have used 12 previous solutions in all
our runs. Looking at the gures 7.15 and 7.16 one does not expect any
improvemen from using more than 12 previoussolutionsin any of the runs.
It actually seemsthat the optimal number would lie a bit belov 12 for our
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# | tot. cost tot. cost| cgsolver min. res. cg-soher init., force,
# Mv CPUh | ewl. extrapol. acc/rej  smearing

a | 57928 224 76.7% 25% 2.3% 18.6%

b | 38210 148 702% 3.1% 3.1% 23.6%

c | 45166 174 75.1% 2.7% 2.3% 19.9%

d | 33034 128 66.5% 3.7% 2.5% 27.2%

e | 76904 297 81.7% 1.9% 2.4% 14.0%

Table 7.7: Averagecost per unit of HMC time for our runsa e. The total
costis givenin number of matrix-vector multiplications equivalent and CPU
hours, for a 2.2 GHz Opteron processor.The horizortal lines separateruns
with di erent parametersfor the gaugeaction (seeTable 7.1) and di erent
cgresiduals(seeTable 7.6).

runs (the cost of the chronological inverter increaseswith the number of

previous solutions, taking lessthan 12 previous solutions one could maybe
save a small amourt of computer time).
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Chapter 8
Conclusions

This thesisresulted from work on a project with the goalto simulate lattice
QCD with light dynamical quarks. To aciiewve this goal we employ so-called
chirally improved fermions. We have discussedvarious aspects of sud sim-
ulations in the Chapters 6 and 7. Here we want to summarize what we
considerthe main conclusionsfrom this work.

At the beginning of this project we had to decide for an algorithm to
be used for these simulations. The most successfulalgorithm in dynami-
cal simulations using various actions is the Hybrid Monte Carlo algorithm.
Howewer, employing this for an action like the chirally improved action poses
serioustechnical problems. Theseproblemsare seriousenoughthat in order
to avoid them a a special algorithm called Partial-Global Algorithm hasbeen
suggested.Our experiencewith that is descrited in [79. Howeer, the per-
formancewe were able to achieve with that approad was very dissatisfying.
For that reasonwe decidedto employ the Hybrid-Monte-Carlo algorithm.
Thereforewe had to solwe the technical problemsmertioned above.

One important conclusionwe want to draw here therfore is that it is
possibleto employ the HMC algorithm for an action like the chirally improved
action. Chapter 6 descrikesthe various aspectsof implemerting HMC for an
action like that. We found a relatively elegan way of solving the technical
problemsinvolved, which we descrile in detail Chapter 6. We think that the
methods deweloped there could be useful for for simulations not only with
the chirally improved action, but with other, similar, actionstoo.
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After someinitial studieson smaller lattices, we simulated lattice QCD
with two dynamical avors of mass-degeneratehirally improved quarks on
lattices with 122 24 lattice sites (12 lattice points in the three spacedi-
mensions,and 24 in the time direction). Theseearly calculationshave been
restricted due computer resources.Again, our big goalwasto simulate light
dynamical quarks. Therefore our discussionin Chapter 7 put a strong em-
phasison quark and pion masses.On this lattice sizeand with the computer
resourcesat hand we readed quark massesdown to about 30 MeV which
correspnded to a pion massof about 460 MeV in our calculations. Our
calculations seemto indicate that quark massesof about 20 MeV can be
readed on lattices of this size. It canbe expectedthat the quark massesan
be further reducedin simulations on larger lattices.

Thesenumbers are promising and encouraging. Whether we will really
be able to reat thesepromisedquark masseshasto be seenin the future.
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