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High-temperature/density QCD
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Asymptotic freedom: g ! 0 for T=� QCD or �= � QCD ! 1
Q: Can one use weak-coupling techniques at T a few times Tc (� a few times � c)?

Matsubara frequencies 2�T > 2�T c > 1 GeV

RHIC: sQGP
LHC: sQGP or wQGP/pQCD?
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Perturbative calculation of QCD thermodynamics

P = ( �V )� 1 ln Z =

| {z }
IR singular due to (perturbative) electrostatic screening

4-loop: IR singular due to nonperturbative magnetostatic “screening”
(Linde(-Polyakov) problem)

Other quantities already earlier: Debye mass at one-loop (resummed) order
(AR (1993), Arnold & Yaffe (1995)) – p. 3



Perturbative results for the QCD pressure @� = 0, T > T c

P = 8� 2
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Perturbative results for the QCD pressure @� = 0, T > T c

P = 8� 2
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No apparent convergence; steadily increasing renormalization scale ( �� ) dependence:
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Effective Field Theory whenT � g� : 3d Yang-Mills+Scalar

Scales when g � 1:

T : hard — scale of Matsubara frequencies ! n = �inT (n even/odd for bosons/fermions)

gT: soft, g2T : ultrasoft, . . . contributions only from zero-modes n = 0 (no fermions)

Braaten & Nieto 1996: Pressure of QCD

P = Phard + P soft , Phard = T4(c1 + c2g2 + c3g4 + c4g6 + : : :)

with P soft from effective three-dimensional theory

L E =
1
2

tr F 2
ij + tr [ D i ; A0]2 + m2

E tr A2
0 +

1
2

� E ( tr A2
0)2 + : : : ;

perturbative matching:

g2
E = g2T + : : : ; m2

E = (1 + N f =6)g2T2 + : : : ; � E = 9� N f
12� 2 g4T + : : : ;

Psoft=T =
2

3�
m3

E �
3

8� 2

�
4 ln
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2mE
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�
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E m2
E

�
9

8� 3

�
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24
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6
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1
6
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Improving apparent convergence in dimensional reduction

Expanding P = Phard + Psoft in powers (and log's) of g
! perturbative series with bad convergence

Not expanding m2
E (g), g2

E (g), . . . ! improved convergence for T & 3Tc

J.-P. Blaizot, E. Iancu, AR, PRD68 (2003) 025011:
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O(g6 ln(g))-contribution

Last perturbatively calculable coef�cient done by

Kajantie, Laine, Rummukainen & Schröder (2003):

P 3 Ng
(Ng2

E )3

(4� )4

� �
43
12 � 157� 2

768

�
ln

� E

g2
E

+
�

43
4 � 491� 2

768

�
ln

� E

mE
+ ~�

�

~� determined by 3-d effective �eld theory #2

L M = 1
2 tr F 2

ij + : : : ; without adjoint scalar A0

� nonperturbative mass gap � g2T , requires lattice calculation

(and matching using 4-loop lattice perturbation theory) ! contribution #(g2T)3T

steady progress: e.g. Di Renzo, Mantovi, Miccio & Schröder JHEP 05 (2004)

Q: How does it look for some particular value ~� � O(1) ?
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Improving apparent convergence in dimensional reduction (cont'd)

Phard + Psoft to order g6[log(g) + � ] with some � � O(1): even stronger
renormalization scale dependence
even greater improvement by not expanding out m2

E (g) and g2
E (g) and truncating:
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Meanwhile, other improvement schemes
(applied separately to P hard , P soft ; � E 6= �� MS ):

Padé : Cveti�c & Kögerler, PRD70 (2004)

PMS: Inui, Niégawa & Ozaki, hep-ph/0501277 – p. 8



Improving apparent convergence in dimensional reduction

Works also at �nite chemical potential � . T :
! Vuorinen, PRD68 (2003) 054017; Ipp, AR & Vuorinen, PRD69 (2004) 077901
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Large N f limit of QCD and QED

G. D. Moore, JHEP 10 (2002) 055: N f ! 1 , Nc � 1, g2N f � 1
as testing ground for weak-coupling techniques at high T

Much simpler than large-Nc:

+ + + ....  =

order N 1
f :

order N 0
f :

dressed gluon propagator contains typical gauge-theory phenomena such as

� Debye screening for electrostatic modes

� unscreened magnetostatic modes

� complicated dispersion laws, Landau damping, plasmon damping

and can be solved exactly (nonperturbative w.r.t. g2
e� / g2N f )
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Large N f limit of QCD and QED

Effective coupling constant g2
e� = g2TF =

8
>><

>>:

g2N f

2
; QCD ;

e2N f ; QED :

One-loop beta function exact:
1

g2
e� (� )

=
1

g2
e� (� 0)

+
1

6� 2
ln(� 0=� ) :

No asymptotic freedom — instead: Landau singularity at exponentially large

� L = �� MSe5=6e6� 2=g2
e� (�� MS ) :

Theory only exists as cutoff-theory with � Cuto� < � L

But thermodynamic potential insensitive to cutoff as long as T; � � � L

Technicality: cutoff needs to be imposed in Euclidean invariant manner, otherwise

spurious singularities
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Thermodynamic potential of large-N f QCD and QED

P = NN f

�
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+
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+
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Interaction pressure P � P0|{z}
SB

�nite as N f ! 1
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Pressure of large-N f QCD and QED @� = 0

G. D. Moore, JHEP 10 (2002) 055, E: hep-ph/0209190, A. Ipp. G. D. Moore, AR, JHEP 01 (2003) 037

-

-

Comparison with
strict perturbation theory
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Pressure of large-N f QCD and QED @� = 0

Numerical result suf�ciently accurate to verify perturbat ive results through order g5
e� and to extract g6

e� term (no log here!)

P
�
�
�
g6

eff ;� =0 ; �� MS = �T
= +20(2) Ng

� geff
4�

� 6T 4

Strict perturbative O(g6)-result vs. unexpanded mE :
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Large-N f pressure at �nite chemical potential �

Straightforward generalization to �nite chemical potenti al by evaluating � T;L with

nf (k; T; � ) = 1
2
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Comparison with complete dimensional reduction results for all �; T
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Behavior at smallT 6= 0

LO (2-loop) term in interaction pressure gives

P � P0 = � Ng
� 5

9T4 + 2
� 2 � 2T2 + 1

� 4 � 4
� g2

e�
32 + : : :

Entropy S =
� @P
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�
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8� 2 � 2T + : : :
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n
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Non-Fermi-Liquid Behavior at small T 6= 0

LO (2-loop) term in interaction pressure gives

P � P0 = � Ng
� 5

9T4 + 2
� 2 � 2T2 + 1

� 4 � 4
� g2

e�
32 + : : :

Entropy S =
� @P

@T

�
� at small T should start as

S � S 0 = � Ng
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e�
8� 2 � 2T + : : :

BUT:
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Hard (Thermal/Dense) Loop Effective Theory

Actual effective theory at soft scales when dimensional reduction not applicable:
HTL/HDL EFT (Braaten & Pisarski, Frenkel & Taylor & Wong 1990):

L HTL = L HTL
f + L HTL

g

= M̂ 2
Z

d
 v

4�
� 
 � v�

iv � D(A)
 +

m̂2
D

2
tr

Z
d
 v

4�
F �� v� v�

(v � Dadj: (A))2
F��

v = (1 ; v) with v2 = 1 is direction of hard particles' momenta p� � Tv�

� gauge invariant also in the non-static case
� nonlocal (because modes integrated out are real rather than virtual)

HL EFT: generalization to nonthermal anisotropic distribution functions

(Pisarski 1997; Mrówczyński, AR & Strickland 2004)

� effective theory for QGP instabilities!

(Arnold & Lenaghan & Moore & Yaffe; AR & Romatschke & Strickland; Bödeker & Rummukainen)
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Dispersion laws of HTL gauge bosons

Silin 1960, Kalashinkov & Klimov 1980,

Weldon 1982:
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5 ! 2=m2
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j(dynamical) screening propagating modes
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k
2 =

m
2

1
k

2 =
0

Landau
dam

ping

T

L

T
L

Lenz

� Weak screening of quasistatic magnetic modes: � =
p

� k2 = [ �m D != 4]1=3
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Low-temperature expansion of entropy

Dynamical magnetic screening scale � = [ �m D != 4]1=3

! low-T entropy with log's and fractional powers in T :
“Anomalous speci�c heat”

T. Holstein, R.E. Norton & P. Pincus, PRB8 (1973) 2649; Chakravarty, Norton & Syljuasen, PRL 74 (1995) 1423

A. Ipp, A. Gerhold & AR, PRD69 (2004) 011901R; PRD70 (2004) 105015

S � S0

Ng
=

g2
e� � 2T
36� 2

�
ln

4ge� �
� 2T

� 2 + 
 E �
6
� 2 � 0(2)
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8 22=3�( 8

3)� ( 8
3)

9
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3� 11=3
(ge� � )4=3T5=3 +

80 21=3�( 10
3 )� ( 10

3 )

27
p

3� 13=3
(ge� � )2=3T7=3

+
2048� 256� 2 � 36� 4 + 3 � 6

540� 2 T3
h
ln

ge� �
T

� 4:3493485: : :
i

+ O(T11=3)

� Systematic expansion for T=� � g1+ �
e� with � > 0:

S � S0

Ng � 3 � g3+ �
e� ln

c
ge�

+ g3+(5 =3) �
e� + g3+(7 =3) �

e� + g3+3 �
e� ln

c
ge�

+ g3+(11 =3) �
e� + : : :
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Structure of perturbation theory at parametrically small T=�

Individual terms in coupling expansion for given x � 0 in T � gx �
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Leading term of interaction entropy for T � g�

Anomalous low-temperature series is applicable only for T � ge� �

complete in�nite low-temperature series is contained in
HDL-resummed expression Gerhold, Ipp & AR, PRD70 (2004)

1
Ng

(S � S 0) = �
g2

e� � 2T
24� 2 �

1
2� 3

Z 1

0
dq0

@nb(q0)
@T

Z 1

0
dq q2

�

2 Im ln
�

q2 � q2
0 + � HDL

T

q2 � q2
0

�
+ Im ln

�
q2 � q2

0 + � HDL
L

q2 � q2
0

��

+ O(g4
e� � 2T)

� full leading-order result 8 T � �

ge� � � T � � :

dominant resummation effect now longitudinal plasmon effect (Debye screening)

1
Ng

(S � S 0) ' �
g2

e� � 2T
8� 2 +

g3
e� � 3

12� 4  also from dimensional reduction
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HDL-resummed low-T entropy
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Uni�ed calculation of QCD pressure

Ipp, Kajantie, AR & Vuorinen, PRD74 (2006)

Full fourth-order calculation (IV): Perturbative calculation of IR-safe diagrams
+ full one-loop resummation of 2GR (2-gluon-reducible) diagrams
� Con�rmation of both HDL/HTL resummation and dimensional re duction results
and their range of applicability:

�p � p � pSB � (p � pSB )jT =0
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HDL-resummed result for the speci�c heat
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N f = 2 QCD: ge� = 2 and 3 correspond to � s � 0:32 and 0:72

signi�cant deviations from naive perturbative result for l ow-T speci�c heat
in QCD for T=� . 0:05

! cooling of (proto-)neutron stars with normal quark matter component

Non-Fermi-liquid effects also in neutrino emissitivity (T. Schäfer & K. Schwenzer, PRD70 (2004) 114037) – p. 25



HDL-resummed result for NFL quark dispersion laws

Gerhold & AR, PRD 71 (2005) 085010

Logarithms and fractional powers of " = E � � in
group velocity of quark quasiparticles near would-be Fermi surface:

T = 0 : v� 1
g (" ) = 1 +

g2Cf

12� 2
ln

8:07m
j" j

+ O(( "=m )2=3 ) m2 = N f (g�= 2� )2

g� � T 6= 0 : v� 1
g (0) = 1 +

g2Cf

12� 2
ln

9:15m
T

+ O(( T=m)3 )

-2 -1 0 1

0.01

0.02

0.03

0.04

0.05

(v� 1
g � 1)=(g2Cf )

log10("=m)

log"

"2=3

"4=3"2 log"

compare with scale of log in CV

CV � C 0
V =

Ngm2T
9

ln
0:282m

T
+ : : :

– p. 26



HDL-resummed entropy vs. nonperturbative large-N f result
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. . . �� MS -dependence displays uncertainties due to contributions suppressed by powers of
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eff
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Very good agreement for small T ; less good at higher T , ge�
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HTL-resummed entropy at high T, � = 0

Blaizot, Iancu & AR (1999):
HTL resummation through 2-loop � -derivable (2PI) entropy expression:

S = � tr
Z

K

@n(k0)
@T

�
=m logG� 1 � = m� <eG

�

� 2 tr
Z

K

@f(k0)
@T

�
=m logS� 1 � = m� <eS

�
+ S3� loop ;

� nontrivial reorganization of perturbation theory:
convergence-spoiling g3 contribution kept in nonpolynomial form;

3/4 of g3 contribution contained in NLO correction to m2
1 , M 2

1 at k � T :

dPb
l dPb

tdPa
l dPa

t

dSl dSt

(momentum-dependent even for k � gT)
– p. 28



Application to QCD

Approximately self-consistent evaluations:
1) HTL self energies and propagators (full lines)
2) NLA (dash-dotted): momentum averaged NLO corrections to m2

1 , M 2
1 ,

included through quadratic gap equation for hard momenta p >
p

c� 2�Tm D

pure glue, N f = 0 :

1.5 2 2.5 3 3.5 4 4.5 5

0.6

0.7

0.8

0.9

1

T =T

c

S = S

S B

�� MS = �T : : : 4�T , c� = 1
2 : : : 2
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Application to N = 4 super-Yang-Mills

Weak-coupling: S=S0 = 1 � 3
2� 2 � +

p
2+3
� 3 � 3=2 + : : :

even more poorly convergent: S=S0 � 1 for � � g2N � 1:14

Strong coupling (AdS/CFT): S=S0 = 3
4

�
1 + 15� (3)

8 � � 3=2 + : : :
�

Possible interpolation: Padé

Just enough information to �x uniquely all coef�cients of [4 ,4] Padé approximant:

R[4;4] = 1+ �� 1=2+ �� + 
� 3=2+ �� 2

1+��� 1=2+ ��� +�
� 3=2+ ��� 2

�� = �; �� = 4
3 �; �
 = 4

3 
; �� = 4
3 � ,

� = 2(9+3
p

2+ 
� 3 )
9� ; � = 9

2� 2 ; 
 = 2
15� (3) ; � = 2

15� (3) �

All coef�cients positive: no poles anywhere, smooth monoto nic interpolation

Blaizot, Iancu, Kraemmer & AR, JHEP 0706,035

– p. 30



Application to N = 4 super-Yang-Mills

Compare to HTL/NLA resummation of weak-coupling result:
(Blaizot, Iancu, Kraemmer & AR, JHEP 0706,035)

HTL energies
scalar: � s � m2

1 ( s) ,

gluons: � T = m2
1 ( g) + ! 2 � k 2

2k 2 � L , � L = 2 m2
1 ( g)

�
1 � !

2k log ! + k
! � k

�
,

gluinos: � � =
m 2

1 ( f )
2k

�
1 � ! � k

2k log ! + k
! � k

�

with m2
1 (s) = m2

1 (g) = 2+ ns + n f =2
12 �T 2 = �T 2;

m2
1 (f ) = 2+ ns

8 �T 2 = �T 2

weighted NLO correction of (hard) thermal masses for all excitations
��m 2

1 =
R

dk k n 0(k )< e� �( ! = k )R
dk k n 0(k ) = � �T m 1

2
p

2+ n s
4� = � �T m 1

p
2+3
2�
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Comparison pure-glue QCD andN = 4 super-Yang-Mills
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N = 4 super-Yang-MillsS=S0

� � g2N

weak-coupling to order� 3=2

strong-coupling to order� � 3=2

c� = 0

c� = 2 1 1
2

� 1

� ! 1
NLA Pad�e

� roughly � SYM $ 1
2 � QCD

� QCD at T & 3Tc corresponds to � SYM . 2:5
where unresummed perturbative result fails,
but simple HTL/NLA resummation agrees well with Padé extrapolation

� (numerically) important additional nonpert. physics in QCD for T . 2:5Tc

[in SYM for � SYM & 4]
(but there behavior of entropy no longer comparable)

– p. 32



Scales of wQGP

� T : energy of hard particles

� gT: thermal masses, Debye screening mass,
Landau damping

� g2T : magnetic con�nement, color relaxation, rate for small ang le scattering

� g4T : rate for large angle scattering, � � 1 T4

– p. 33



Scales of wQGP

� T : energy of hard particles

� gT: thermal masses, Debye screening mass,
Landau damping

� g2T : magnetic con�nement, color relaxation, rate for small ang le scattering

� g4T : rate for large angle scattering, � � 1 T4

Effective theory at scale gT: Hard-(Thermal-)Loop Effective Action
[Frenkel, Taylor & Wong; Braaten & Pisarski 1991]

equivalent to: gauge-covariant Boltzmann-Vlasov
[Blaizot & Iancu 1993, Kelly, Liu, Lucchesi & Manuel 1994]
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Scales of wQGP

� T : energy of hard particles

� gT: thermal masses, Debye screening mass,
Landau damping

� g2T : magnetic con�nement, color relaxation, rate for small ang le scattering

� g4T : rate for large angle scattering, � � 1 T4

Effective theory at scale gT: Hard-(Thermal-)Loop Effective Action
[Frenkel, Taylor & Wong; Braaten & Pisarski 1991]

equivalent to: gauge-covariant Boltzmann-Vlasov
[Blaizot & Iancu 1993, Kelly, Liu, Lucchesi & Manuel 1994]

in particular required for:
� Bottom-up thermalization [Baier, Mueller, Schiff & Son 2000]

teq / g� 13=5

� Shear viscosity [Arnold, Moore & Yaffe]

(�=s)� 1 = g4 ln(1=g)f (ln(1=g))
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Scales of wQGP

� T : energy of hard particles

� gT: thermal masses, Debye screening mass,
Landau damping, plasma instabilities [Mrówczyński 1988, 1993, . . . ]

� g2T : magnetic con�nement, color relaxation, rate for small ang le scattering

� g4T : rate for large angle scattering, � � 1 T4

Effective theory at scale gT: Hard-(Thermal-)Loop Effective Action
[Frenkel, Taylor & Wong; Braaten & Pisarski 1991]

equivalent to: gauge-covariant Boltzmann-Vlasov [Mrówczyński, AR & Strickland '04]

[Blaizot & Iancu 1993, Kelly, Liu, Lucchesi & Manuel 1994]

in particular required for:
� Bottom-up thermalization [Baier, Mueller, Schiff & Son 2000]
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� Shear viscosity [Arnold, Moore & Yaffe]
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Scales of wQGP

� T : energy of hard particles

� gT: thermal masses, Debye screening mass,
Landau damping, plasma instabilities [Mrówczyński 1988, 1993, . . . ]

� g2T : magnetic con�nement, color relaxation, rate for small ang le scattering

� g4T : rate for large angle scattering, � � 1 T4

Effective theory at scale gT: Hard-(Thermal-)Loop Effective Action
[Frenkel, Taylor & Wong; Braaten & Pisarski 1991]

equivalent to: gauge-covariant Boltzmann-Vlasov [Mrówczyński, AR & Strickland '04]

[Blaizot & Iancu 1993, Kelly, Liu, Lucchesi & Manuel 1994]

in particular required for:
� Bottom-up thermalization [Baier, Mueller, Schiff & Son 2000]

teq / g� 13=5 ! g� ? [Arnold, Lenaghan, Moore, JHEP 08 ('03) 002]

� Shear viscosity [Arnold, Moore & Yaffe]

(�=s)� 1 = g4 ln(1=g)f (ln(1=g))
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Scales of wQGP

� T : energy of hard particles

� gT: thermal masses, Debye screening mass,
Landau damping, plasma instabilities [Mrówczyński 1988, 1993, . . . ]

� g2T : magnetic con�nement, color relaxation, rate for small ang le scattering

� g4T : rate for large angle scattering, � � 1 T4

Effective theory at scale gT: Hard-(Thermal-)Loop Effective Action
[Frenkel, Taylor & Wong; Braaten & Pisarski 1991]

equivalent to: gauge-covariant Boltzmann-Vlasov [Mrówczyński, AR & Strickland '04]

[Blaizot & Iancu 1993, Kelly, Liu, Lucchesi & Manuel 1994]

in particular required for:
� Bottom-up thermalization [Baier, Mueller, Schiff & Son 2000]

teq / g� 13=5 ! g� ? [Arnold, Lenaghan, Moore, JHEP 08 ('03) 002]

� Shear viscosity [Arnold, Moore & Yaffe]

(�=s)� 1 = g4 ln(1=g)f (ln(1=g)) +( �=s)� 1
anomalous (!!)

[Asakawa, Bass & Müller, PRL 96 ('06) 252301]
– p. 33



Boltzmann-Vlasov equations

With color-neutral background distribution v � @ f0(~p; ~x; t) = 0 , v� = p� =p0

gauge covariant Boltzmann-Vlasov:

v � D �f a(~p; ~x; t) = gv� F ��
a @(p)

� f 0(~p; ~x; t) = � g( ~Ea + ~v � ~Ba) � r ~pf 0;

D � F ��
a = j �

a = g
Z

d3p
(2� )3

p�

2p0 �f a(~p; ~x; t):
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Boltzmann-Vlasov equations

With color-neutral background distribution v � @ f0(~p; ~x; t) = 0 , v� = p� =p0

gauge covariant Boltzmann-Vlasov:

v � D �f a(~p; ~x; t) = gv� F ��
a @(p)

� f 0(~p; ~x; t) = � g( ~Ea + ~v � ~Ba) � r ~pf 0;

D � F ��
a = j �

a = g
Z

d3p
(2� )3

p�

2p0 �f a(~p; ~x; t):

So far: mostly stationary f 0(~p) with @� f 0 � 0

� isotropic: f 0(~p) = f 0(j~pj), r ~pf 0 / ~v

v � D �f a(~p; ~x; t) = � g~Ea � r ~pf 0 (stable)
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Boltzmann-Vlasov equations

With color-neutral background distribution v � @ f0(~p; ~x; t) = 0 , v� = p� =p0

gauge covariant Boltzmann-Vlasov:

v � D �f a(~p; ~x; t) = gv� F ��
a @(p)

� f 0(~p; ~x; t) = � g( ~Ea + ~v � ~Ba) � r ~pf 0;

D � F ��
a = j �

a = g
Z

d3p
(2� )3

p�

2p0 �f a(~p; ~x; t):

So far: mostly stationary f 0(~p) with @� f 0 � 0

� isotropic: f 0(~p) = f 0(j~pj), r ~pf 0 / ~v

v � D �f a(~p; ~x; t) = � g~Ea � r ~pf 0 (stable)

� anisotropic f 0(~p), r ~pf 0 6/ ~v

v � D �f a(~p; ~x; t) = � g( ~Ea + ~v � ~Ba) � r ~pf 0 unstable!

– p. 34



Filamentation (Weibel) instabilities

Initially homogeneous superposition of counterstreaming particles unstable
against �lamentation [Weibel 1959]

(parallel currents of same sign attract!)

X X

– p. 35
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Initially homogeneous superposition of counterstreaming particles unstable
against �lamentation [Weibel 1959]

(parallel currents of same sign attract!)

X X

unstable
modes
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Filamentation (Weibel) instabilities

Initially homogeneous superposition of counterstreaming particles unstable
against �lamentation [Weibel 1959]

(parallel currents of same sign attract!)

X X

unstable
modes

Non-Abelian plasmas: nonlinear dynamics even before backreaction on
homogeneous background becomes important

– p. 35



Discretized Hard Loop Theory

Integrating out hard momentum scale
leaves dependence on velocities of hard particles.

Local set of effective �eld equations in terms of auxiliary � elds W� (x; v)
�f a(p; x) = � gWa

� (x; v)@�
(p) f 0(p)

D � (A)F �� = j � [A]

j � [A] = � g2
Z

d3p
(2� )3

1
2jpj

p� @f0(p)
@p�

W � (x; v)

[v � D(A)]W� (x; v) = F�
 (A)v


Real-time lattice simulation in temporal gauge: Aai
x , � ai

x , W a
x ;v

Need: large spatial lattice with large number NW of auxiliary �elds in adjoint
representation

– p. 36



1D+3V

Restriction to most unstable modes with momentum k / ez:
dimensional reduction 3D+3V ! 1D+3V (homogeneity in transverse directions)

Numerical results: (SU(2), 10,000 sites, NW = 100, moderate anisotropy)

Energy densities E [AR, Romatschke & Strickland, PRL 94 ('05) 102303]

– p. 37



1D+3V SU(2) visualization

Parallel-transported color degrees of freedom
(red/green/blue for 3 adjoint colors of SU(2))

– p. 38



3D+3V

More general initial conditions: 3D+3V
Exponential growth in non-Abelian regime saturates to weak linear growth

Magnetic energy density for moderate anisotropy:
[Arnold, Moore & Yaffe, PRD72 ('05) 054003]
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3D+3V

Alternative discretization (v -grid instead of Ylm expansion), somewhat stronger
anisotropy
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[AR, Romatschke & Strickland, JHEP 09 ('05) 041]

Very strong anisotropy: saturation occurs only at very strong �eld strength
[Bödeker & Rummukainen, arXiv/0705.0180]
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Non-Abelian Cascade

Saturation mechanism: non-Abelian interactions of unstable IR modes cascade
their energy to more energetic modes (Kolmogorov turbulence)

[Arnold & Moore, PRD73 ('06) 025006]

– p. 41



Unstable glasma

Original Color-Glass-Condensate calculations (numerical solution of YM �eld equations for

colliding lightlike color sources) boost-invariant

Small rapidity �uctuations unstable like plasma instabili ties (hard gauge modes as plasma

particles) [P. Romatschke and R. Venugopalan, PRL 96, PRD 74 (2006)]
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P. Romatschke and R. Venugopalan, hep-ph/0605045
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Hard-Expanding-Loop (HEL) formalism

Extension of Hard-Loop formalism to nonstationary free-streaming plasma
[Romatschke & AR, PRL97 ('06) 252301]

x � = ( �; x ? ; � ) (� proper time, � spacetime rapidity)

v ! azimuthal angle � , momentum rapidity y

� � 1D � (�F �� ) = j �

j � [A ] = � g2 1

2

Z 1

0

p? dp?

(2� )2

Z 2�

0

d�

2�

Z 1

�1
dy p� @f0 (p? ; ~p� )

@p�
W � (x; �; y )

v � D W � (�; x i ; � ; �; y ) = v� F �� with v� � p �

j p ? j = (cosh( y � � ); cos�; sin �; sinh( y � � )
� ):
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Hard-Expanding-Loop (HEL) formalism

Extension of Hard-Loop formalism to nonstationary free-streaming plasma
[Romatschke & AR, PRL97 ('06) 252301]

x � = ( �; x ? ; � ) (� proper time, � spacetime rapidity)

v ! azimuthal angle � , momentum rapidity y

� � 1D � (�F �� ) = j �

j � [A ] = � g2 1

2

Z 1

0

p? dp?

(2� )2

Z 2�

0

d�

2�

Z 1

�1
dy p� @f0 (p? ; ~p� )

@p�
W � (x; �; y )

v � D W � (�; x i ; � ; �; y ) = v� F �� with v� � p �

j p ? j = (cosh( y � � ); cos�; sin �; sinh( y � � )
� ):

Take f 0(~p; x) = f iso

�q
p2

? + p2
� =� 2

iso

�
= f iso

� p
p2

? + ( p0z �=� iso )2
�

strongly oblate momentum space anisotropy for � � � 0 � � iso
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Hard-Expanding-Loop (HEL) formalism

Extension of Hard-Loop formalism to nonstationary free-streaming plasma
[Romatschke & AR, PRL97 ('06) 252301]

x � = ( �; x ? ; � ) (� proper time, � spacetime rapidity)

v ! azimuthal angle � , momentum rapidity y

� � 1D � (�F �� ) = j �

j � [A ] = � g2 1

2

Z 1

0

p? dp?

(2� )2

Z 2�

0

d�

2�

Z 1

�1
dy p� @f0 (p? ; ~p� )

@p�
W � (x; �; y )

v � D W � (�; x i ; � ; �; y ) = v� F �� with v� � p �

j p ? j = (cosh( y � � ); cos�; sin �; sinh( y � � )
� ):

Take f 0(~p; x) = f iso

�q
p2

? + p2
� =� 2

iso

�
= f iso

� p
p2

? + ( p0z �=� iso )2
�

strongly oblate momentum space anisotropy for � � � 0 � � iso

Asymptotic behavior of transversely constant modes eA i (�; � ) =
R

d�e � i�� A i (�; � ) :

eA i (�; � ) � � � 2F3

�
3�

p
1+4 � 2

2 ; 3+
p

1+4 � 2

2 ; 2; 2 � i�; 2 + i� ; � ��
�

! � 1=4 exp (2
p

�� ) for � � 1 � =
�

8m2
D � iso

; mD = mD j � iso
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Transversely constant modes in Abelian regime

Abelian regime: W �elds can be eliminated ! integro-differential equations
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1 5 10 20 30 50 100 200 300

�=� 0

� = 3� =10

� =30

j~ B
i (

�;
�

)=
~ E

i (
� 0

;�
)j

Numerical solution vs. asymptotic 2F3 behavior (thin bright lines)

� realistic gluon density (from CGC)) ! uncomfortably late onset of instabilities!
– p. 44



Matching to CGC

Parameters from saturation scenario � 0 ' Q� 1
s :

n(� 0) = c (N 2
c � 1)Q3

s
4� 2N c � s (Qs � 0 )

with gluon liberation factor c =
n 0:5 Krasnitz et al. (numerical)

2 ln 2 Kovchegov (analytical estimate)

f iso = N f thermal with (transverse) temperature T = 0:47Qs [Krasnitz et al.]

pure glue ! N =
1
� s

c
8Nc(0:47)3� (3)

� 0

� iso

1
Qs� 0

!
�
Qs

=
1
8

m2
D �� isoQ� 1

s = � 2

48�0:47�� (3) c �
�

0:182 (c = 0:5) (previous plot)

0:505 (c = 2 ln 2)

Qs ' 1 GeV (RHIC) . . . 3 GeV (LHC) ?
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Transversely constant modes in Abelian regime
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Longitudinal free streaming expansion 1D+3V non-Abelian

Discretized non-Abelian HEL [AR, Strickland & Attems, in preparation]
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Longitudinal free streaming expansion 1D+3V non-Abelian

Discretized non-Abelian HEL [AR, Strickland & Attems, in preparation]
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1D+3V SU(2) HEL visualization

1+1 Minkowski diagram of collision

(red/green/blue for 3 adjoint colors of SU(2))
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1D+3V SU(2) HEL visualization

comoving coordinates � ! , � " ; color parallel transported
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Longitudinal free streaming expansion 1D+3V

Time evolution of initial noise with mode number cutoff:

Abelian spectrum Non-Abelian spectrum: cascade
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Conclusions

� Perturbative results at �nite T and � often very poorly convergent

� Suitable resummation of soft contributions seem to improve applicability
down to T � 2:5Tc in entropy of thermal QCD

� Works well also for chemical potential � � T

� sQGP for T . 2:5Tc (RHIC), wQGP for T & 2:5Tc (LHC) ?

� Breakdown of dimensional reduction at �T . mD

� Non-Fermi-liquid behavior at T � g� :

(analytically calculable by HDL resummation)

� Hard-loop effective action for nonlinear evolution of nonabelian plasma
instabilities - also now for nonstationary nonequilibrium plasma

– p. 51
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