
Photon Magnetic Moment and
Vacuum Magnetization in a
Superstrong Magnetic Field

Selym Villalba Ch́avez

Institut für Physik-Theorie, Karl-Franzens Universität Graz, Austria.

Hallstatt, September. 27, 2009.

Photon Magnetic Moment and Vacuum Magnetization in a Superstrong Magnetic Field– p. 1



OUTLINE

Introduction.

Vacuum Polarization.

Photon Magnetic Moment.

Vacuum Magnetization.

Conclusions.

Photon Magnetic Moment and Vacuum Magnetization in a Superstrong Magnetic Field– p. 2



Introduction
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Electron Magnetic Moment

Julian Schwinger1951

p

p-k

p

k

ΓΜ

ΓΝ

Aext

∼

α

2π

e0
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µν

δµ is defined at low energies as the coefficient of the linear

term in theB−expansion .

The electron magnetic moment is given by

~µ =
e0

m0
S

(

1 +
α

2π

)

with S =
1

2
~σ.

It is a consequence of QED radiative corrections.
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Motivation: Photon Dispersion Law

By considering the prop-

agation of electromagnet-

ic radiation, Shabad(1971)

showed the drastic depar-

ture of the photon disper-

sion law from the light

cone curve near the energy

thresholds for free pair cre-

ation.
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Vacuum Polarization.
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The Schwinger-Dyson Equation

∂νFµν(x) +

∫

d4x′Πµν(x, x′|B)Aν(x′) = 0

Πµν(x, x′|B) =
x x’

ΓΜ ΓΝ

The expression is the covariant form of the Maxwell equations

in a neutral polarized medium due to the external field action.
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Tensorial Structure of Πµν

In momentum space

[
k2ηµν − Πµν(k|B)

]
Aν(k) = 0

The QED-symmetries allow to express

Πµν(k|B) =
4∑

i=1

κ
(i) a(i)

µ a(i)
ν

(

a(i)
ν

)2

a(1)
µ = (k2FµνF

νσkσ − kµkF 2k)/(2∆)1/2.

a(2)
µ = F ∗

µνk
ν/(2∆)1/2.

a(3)
µ = Fµνk

ν/(2∆)1/2 and a(4)µ = kµ.
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Dispersion Equations

In this context

Dµν =
3∑

i=1

1

k2 − κ
(i)

a
(i)
µ a

(i)
ν

(a(i))
2 −

ζ

k2

kµkν

k2

The photon dispersion equations

k2 = κ
(i) (z2, z1, 2∆) , i = 1, 2, 3.

Herez1 = kF ∗2k/(2∆) andz2 = −kF 2k/(2∆).

Πµν satisfies the gauge conditionκ(i)(0, 0, 2∆) = 0.
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Electric and Magnetic Fields

By consideringe(i) = ∂
∂x0

a(i) − ∂
∂x

a(i)
0 andb

(i) = ∇× a(i)

n

B
eH1L

bH1L

z

xy

n

B

eH2L ,-bH3L

bH2L ,eH3L

z

xy

e(1) = −n⊥ω, b(1) = n⊥ × k‖,

e(2)
⊥ = k⊥k‖, e(2)

‖ = n‖(k
2
‖ − ω2), b(2) = −ω(k⊥ × n‖)

e(3) = −ω(n⊥ × n‖), b(3)
⊥ = −n⊥k‖; b(3)

‖ = n‖k⊥.
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Photon Magnetic Moment
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Infrared Domains

Photon Electron

κ2 = −
α

3π

e

m2
F∗

µνk
µaν(2), ε =

e0

2m2
0

F∗
µνp

µSν

Sµ = γ5
(
γµ − Πµ

m

)
with Πµ = pµ + i

2
eFµνx

ν

In the Photon case the electron spin operator is replaced by the

polarization corresponding to the second mode.

aµ(2) carries out the virtual spin polarization effects ofe± pair.
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IR-Dispersion Law

Solving the dispersion equation

ω ≃ |k| −
1

2

αb

3π|k|
kF2k

2∆
︸ ︷︷ ︸

U

with b =
B

Bc

HereBc = 4,42 · 1013G is the critical field.

The second one involves the dipole moment contribution of the

virtual e± pair.

The latter is linear in the external field.
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Photon Magnetic Moment

The interacting term can be written as

U = − g
e

2m

[
n‖ sin φ − n⊥ cos φ

]

︸ ︷︷ ︸

~µγ

·B

g = α
3π

k⊥

m0

is a sort of Landé factor

φ is the angle between the wave vector and the external field.

In presence ofB the classical spin of the electromagnetic field is

given by

sγ =







0 for k⊥ = 0

n‖ × n⊥ for k⊥ 6= 0
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Properties

Having this into account

~µγ = g
e

2m0

spin
︷ ︸︸ ︷
n × sγ

µγ → 0 whenk⊥ → 0.

~µγ · n = 0.

n × sγ arises due to vortices of the virtuale± pair.

The transversal component is projected out by the scalar

product~µγ · B.
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Precession

However the external field does exert a torque on the magnetic

dipole which tends to line up~µγ with B.

~τ = ~µγ × B = g
e

m
cos φ|B|sγ = sγ

dϕ

dt
with 0 ≤ ϕ ≤ 2π.

From the above equation follows

wprec. ≡
dϕ

dt
= g

e

m
|B| cos φ.
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Numerical Values
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The Bohr magnetonµB = e/(2m0) = 9,274 · 10−21erg/G.

Photon Magnetic Moment and Vacuum Magnetization in a Superstrong Magnetic Field– p. 17



Vacuum Magnetization
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Diagrammatic Interpretation

Up to two loops the Euler-Heisenberg Lagrangian is represented by

+ ...++LEH=

LH2LLH1LLH0L

The first loop gives the contribution of the virtual free

electron-positron pairs created and annihilated spontaneously

in vacuum and interacting with the external field. The radiative

corrections emerge from two-loops due to exchange of the

virtual photons.
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Two-loop Decomposition

We can express

L(2) =
i

2

∫
d4k

(2π)4
Πµν(k)Dνµ(k)

By considering the diagonal structure ofΠµν we can write

L(2) =
∑3

i=1 L
(2)
i with

L
(2)
i =

i

2

∫
d4k

(2π)4

κi

k2 − κi

.

which implies

+ +
a3a2a1LH2L=
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Supercritical limit

ForB ≫ Bc with Bc = m2/e = 4,42 · 1013G we have that

L
(1)
R (b) ≃

m4b2

24π2

{

ln

(
b

γπ

)

+
6

π2
ζ ′(2)

}

whereb = B/Bc. The two-loop contribution read

L
(2)
1R ≈

αm4b2

16π3
N1,

L
(2)
2R ≈

αm4b2

32π3

[

N2 ln

(
b

γπ

)

−
1

3
ln2

(
b

γπ

)]

,

L
(3)
3R ≈

αm4b2

32π3

[

N3 ln

(
b

γπ

)

+
1

3
ln2

(
b

γπ

)]

,

whereN1 = 0,09, N2 = 1
3
− 4ζ′(2)

π2 andN3 = 2
3

+ 4ζ′(2)
π2 .
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Vacuum Energy

The effective potential ofLEH defines

Evac = −L
(1)
R −

3∑

i=1

L
(2)
iR + . . .

The vacuum acquires a non trivial magnetization

Mvac = −
∂Evac

∂B
= M(1) +

3∑

i=1

M
(2)
i .

where

M(1) =
∂L

(1)
R

∂B
≈

m4b

24π2Bc

[

2 ln

(
b

γπ

)

+ 1 +
12ζ ′(2)

π2

]

.
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Numerical evaluation
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The complete two-loop contribution

M(2) ≈
αm4b

32π3Bc

[

1 + 2 ln

(
b

γπ

)]

> 0.
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Conclusions
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Conclusions

1. An infrared photon propagating in an strong magnetized

vacuum presents a nonzero vector anomalous magnetic

moment perpendicular to the wave vector which precesses

aroundB.

2. This magnitude is due to the interaction between virtual

electron positron quantum pairs with the external magnetic

field.

3. The vacuum polarization tensor modifies the zero-point energy

of the vacuum and therefore generate a nontrivial

magnetization.
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The end
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