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Fundamental issues In physics

To find a unified, predictive theory generalizing the standard model

Graduiertentaa. Universitat Graz. November 14. 2008 — p. 2/45



Fundamental issues In physics

To find a unified, predictive theory generalizing the standard model

To understand the dynamics and limiting regimes of “fundamental”
theories

Graduiertentaa. Universitat Graz. November 14. 2008 — p. 2/45



Fundamental issues In physics
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® how does confinement of quarks in QCD come about?

® how does irreversibility emerge from reversible laws?

Graduiertentaa. Universitat Graz. November 14. 2008 — p. 2/45



Fundamental issues In physics

To find a unified, predictive theory generalizing the standard model

To understand the dynamics and limiting regimes of “fundamental”
theories

To some of the questions one would like to have exact answers.

Examples are

® how does confinement of quarks in QCD come about?

® how does irreversibility emerge from reversible laws?

Sometimes these questions become simplified under certain additional
assumptions.
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An example of an additional assumption

wibrend v nicht merklich &ndert. Zweitens ist dn proportional
der GroBe f(z, t)dx; dies ist ja die Zahl der Molekile in der
Volumeinheit, deren lebendige Kraft zwischen r und z + dx
liegt; je mehr soloher Molekle sich in der Volumeinheit be-
finden, desto Ofter stoBen sie in der betrachteten Weise zu-
sammen. Drittens ist dn proportional f(+,#)d="; denn was
von dem einen der zusammenstoBenden Molekille gilt, gilt
natlrlich auch vom anderen. Das Produkt dieser

Groﬁm.mlﬂ noch maultipliziert werden mit einem gewissen
Proportionalititsfaktor, von dem man leicht einsieht, duB er
unendlich klein, wie d§ sein muB. Derselbe wird im all
mmdumumm,mmm
duﬂmmmﬁhﬁumﬂm.u,s'mgﬁm
W?ct"olhn,malludiummm, den Proportionalitiits-
faktor mit d§.w (s, #, §) bezeichnen, so daB wir also

2) dn=1.f(z,t)dz S 0de dEyw(z, 2, 8)
Dies ist das Resultat, za dem die exakte Betrachtung des
Fwdumemm&mmd&mﬂiuh

.".ﬂh lI:ﬁ n-‘m— e | e L L™ & W -
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An example of an additional assumption

... Is Boltzmann’s Stol3zahlansatz in
his derivation of kinetic theory from
mechanics (Graz, 1872).

Boltzmann could prove that the func-
tion

S(t) = —H(t) = - / d / dp f(x,p, 1) log f (z,p, 1

constructed from the solution f(x, p,t) of the Boltzmann equation is
nondecreasing and stationary for the Maxwell-Boltzmann distribution.
It is thus a natural candidate for the entropy.

S(t) is the information entropy of the phase space distribution f.
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Time reversal paradox (Loschmidt)

Classical mechanics is time reversal invariant (t — —t)
The Boltzmann equation is not time reversal invariant

How is this possible ?
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Time reversal paradox (Loschmidt)

Classical mechanics is time reversal invariant (t — —t)
The Boltzmann equation is not time reversal invariant
How is this possible ?

The Stol3zahlansatz introduces this asymmetry because the momenta
after the collision are correlated (Bryan, 1894).
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Poincareé recurrence paradox (Zermelo)

The classical time evolution in a finite region is almost—periodic.

Thus after the Poincaré recurrence time the system comes back arbitrarily
closely to its initial state.
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Poincareé recurrence paradox (Zermelo)

The classical time evolution in a finite region is almost—periodic.

Thus after the Poincaré recurrence time the system comes back arbitrarily
closely to its initial state.

So why does one observe mix-
ing of ink and water, but never
the opposite phenomenon (spon-
taneous separation) ?

Graduiertentaa. Universitat Graz. November 14. 2008 — p. 5/45



Poincareé recurrence paradox (Zermelo)

The classical time evolution in a finite region is almost—periodic.

Thus after the Poincaré recurrence time the system comes back arbitrarily
closely to its initial state.

So why does one observe mix-
ing of ink and water, but never
the opposite phenomenon (spon-
taneous separation) ?

Boltzmann:  because for such
a large system, Poincaré’s recur-
rence time is larger than the age
of the universe.
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Foundations of Statistical Mechanics

How does an irreversible transport equation emerge from classical
mechanics — or quantum mechanics — and how does one get
thermodynamics?

Oscar E. Lanford Ill proved 1976 that in a classical gas the Boltzmann
equation holds for almost all initial conditions already after a small number
of collisions per particle

Unfortunately, Lanford’s theorem holds only for these very short times.
The problem has remained open for larger times.

For guantum systems, the gquestion of a kinetic equation is largely open,
but there is a claim that near to equilibrium one can show the analogue of
Lanford’s theorem [Lukkarinen, Spohn, August 2008].

Results about equilibrium thermodynamics from quantum theory were
obtained by Tasaki and by Fréhlich et al..
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Particle in a random environment

We cannot solve the problem of the many—body time evolution

A simplified problem is the Lorentz gas: fix all but one particle at random
positions and consider the motion of the one moving particle.

Quantum Lorentz model: Schrédinger’s equation

o,
171&10(75) = H(1)

IS still time—reversal invariant, because the distribution of scatterers is
static.

The lattice version is the Anderson model.

For weak scattering (small coupling)one expects diffusion, i.e. irreversible
dynamics, for large times.
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Diffusion in a scaling limit

Theorem [Erdds, MS, Yaul]

If the coupling constant \ is small, the exact quantum mechanical time
evolution of the Wigner function on time scales t < A727%, k > 0 is given,
up to an error o(\), by the solution of a diffusion equation.

To obtain the diffusion equation, one has to follow the time evolution over
n = O(A~") collisions.
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Diffusive scale: X,

Kinetic scale: X, T
/

~< - - - =
-2- K/2
Length: A
-2- K
Time: A
Heat equation

Atomic scale: X, t-
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L
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Boltzmann eq.

1
1
Schrodinger eq.
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In a nutshell

The main term is given by an infinite sum of renormalized ladder graphs.

All other terms: cancellations from destructive phase interference

After n collisions, there are O(n!)
error terms. The destructive in-
terference is so strong that it sup-
presses this n!.

The heart of the proof is a map-
ping to a problem of random per-
mutations, and tight graph esti-
mates in Feynman graph expan-
sions.
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Outline of the following

= Definition of the problem and physical motivation
® Main result

® Some ideas in the proof
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Anderson Model

= Hy(t), (0) =1  with

—A discrete Laplacian: (—A

— 2{: V;(z)

a€Zsd
Assume that m;, = E (v¥) satisfies

Vi <2d:m; < oo, mq

In this talk, d = 3. Our results hold for d > 3.

1

2f(x) —

:m3:

on (2(Z4)

flx+ eu) flx— eu))-

v, 1.1.d. random variables.

Graduiertentaa. Universitat Graz. November 14. 2008 — p. 12/45



Quantum Lorentz Model

i29(t) = Hyp(t), (0) =1 with H = —%A + AV, on L*R%)

A standard Laplacian, V,,(z) = J,. B y)d e (v)
B a spherically symmetric Schwarz function with 0 € supp B

L., a Poisson point process on R¢ with homogeneous unit density and
I.I.d. random masses.

oo

How = Z Uy (W)dy., (w)

y=1
{y,(w)} is Poisson, independent of the weights {v(w)}

my, := E, v satisfies

Vi <2d:m; < oo, mi=m3=ms =0, mo=1.
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Time evolution

Suppose the initial state is localized, i.e. v, is smooth.
How does the solution (t) = e~'*4), behave for large t ?

=\ =0: (L, k) = e By k),

with e(k) = k2/2 (QLM) or e(k) = S°% (1 — cos k;) (AM).

(X%)e = (Y1), X () ~ 17

B )\ #£ 0: expect
O(t) diffusive
<X2>t _ ( ) .
O(1) localized

depending on X and .
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Spectrum of H

® |ocalization < (dense) point spectrum
® extended states < absolutely continuous spectrum

®d=1, > 0: localization at all energies
[Goldsheid, Molchanov, Pastur]

®d > 2, \very large = localization
[Frohlich—Spencer; Aizenman—Molchanoy, . . ]

® 4> 2, A small, but energy away from spec —%A = localization

B d = oo («+ Cayley tree) = extended states exist for small A > 0.
[Klein; Aizenman-Sims-Warzel, Froese-Hasler-Spitzer]
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Major open problem

At this time there is no proof of existence of extended states in d = 3.

Simpler case. Randomness with a decaying envelopping function
Vo(z) = weh(x), w, i.1.d., h fixed.

Theorem. [Rodnianski & Schlag; Bourgain]
n> 2 and h(z) ~ |z|~" as |z| —

Then H = —A + V, has absolutely continuous spectrum.
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Motivations

® One—electron model of a metal with disorder
k — e(k) a band of a periodic Schrodinger operator
VvV disorder
extended vs. localized: metal-insulator transition.

® Caricature of the many—body problem
true many—body Hamiltonian is

Z——A +)\Z T; —X;).

1<J

® Emergence of irreversibility from reversible dynamics
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Wigner function

Wlern) = [ dyevie + 5 vte - 5)

Marginals

/W¢(x,v)dx — |4 (v)]? /Ww(x,v)dv = |¢(z)]?

Also, W, (€,v) = [dz e "Wy (z,v) = b(v—E/2) (v +&/2).

W (x,v) can get negative, so it is not simply a phase space density.
(o
(uncertainty principle) — Husimi function

On the lattice, one has to modify the definition of the Wigner transform
slightly.
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Macroscopic Scales

Ratio of typical atomic to macroscopic length scales: € = 10735.
(X, T) = (ex,et)
Velocities remain unscaled.

X
Wi (X, V) =e "Wy ( V)

;7
The results we discuss in the following are about limits ¢ — 0, where ¢
depends on .
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Kinetic Scale

n=X, T=nt, X=n

Theorem. [Erdds—Yau 2000, Chen 2003]

EWQZ(Tn_l)(X’V) ?:) F(Xava)a

I the solution of the linear Boltzmann equation

9
CR(XV,T) + (Ve)(V) - VaF(X,V,T)
P / AU 5(eW) — e(V)) |BU V)| [F(X.U.T) ~ F(X,v.T)
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Many—body Boltzmann equation

conjecture for the right hand side of the Boltzmann equation is, with
Fr,=F(X,kT),

- 47r/dk2 dks dka 6(ky + ko — ks — ka) 6(Ey + E> — E5 — Ey)

6(k1 — ka) — 0(ko — ks3)|”
[FlekQ(l — Fp, ) (1 — Fry) — Fry Fry (1 — Fy ) (1 — Fy,)
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Diffusive Time Scale

e = \2Tr/2 X =ez, T = e\*/%t = \it+2¢

This is long compared to the kinetic timescale:

X =\""2%X T =\""T

Theorem. [ESY]

Let d = 3, ¢y € /*(Z>) and ; be the solution to the random Schrdédinger
equation. If A > 0 is small and if x > 0 is small enough and ¢ = \2+%/2,
then EW;(A_Q_%T) converges weakly to the solution f of a heat equation.

More precisely: denote ®(E) = [dv §(E —e(v)) and

(F) = O(B)" /dv F)3(E — e(v)).
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Main Theorem

Let £ € [0, 3] and Dij(E) = 53m7(Vie Vje)r
and let f be the solution of the heat equation
F0,X.E) = 8(X) (|lvo*)m

Let O(x,v) be a Schwartz function on R? x T¢. Then

lim dX [ dv O(X,v) EWg - n-2q) (X, 0)
=70 (ez/2)

_ /R X [dv O(X,v) J(T, X, e(v))
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The limit is uniform on |0, Ty] for any Ty > 0.

In fact, if o € C* and A is small enough, we have
< EWi(s—l)\ /1/2T)>

— /d&/ FE)dE e—(27r)2T<€, D(E)£>E<(§(£’.)>E <Wwo(5§7,)>E

Here

(O, EWS) = / dv / d¢ O(€,v) EWS (€, v)
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Remarks

® The Boltzmann eqguation also gives the same diffusion equation in the
long time limit, but it was itself derived from the QM time evolution only
for shorter timescales.

® Diffusion in energy space is expected to start at t = \~*.

® o = 1/6000 for technical reasons; expected restriction of the method
IS Kk < 2.

® Main extension of previous work is that on this time scale, the effective
number of collisions per particle diverges.
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Overview of the Proof

® Expansion and collision histories

® Classification of Feynman graphs

¥ |owest—order renormalization

B Unitarity and expansions with remainders

B Refined classification of Feynman graphs
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Expansion

Hy= 1A = (t) = e Hyy =3, oo (1),

M) = (=" / dpns1(s)e ooy eisn—tHo | yemisotoy,,
dptna1(s) = / dsg...ds, 0 t—Zsj
[0,00)7+1 =0
V = Z V., = ") Zw(n)
acZa
collision histories a,, = (ay,...,a,) € Z".
Un(t,pn) = (— /Hd’pg/dunﬂ s) I_Ie_isje(p7 H — pj—1)¢0(po)

7=0
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Disorder average and Graphs

Recall Wy (&, v) = (v — £/2) 9 (v + £/2).

E Wy (&) =3 D B[t v +&/2090 (tv—¢/2)]

n,n’ anaa /

The result can be represented graphlcally

A graph contributing to the expansion

Particle lines get propagators e~%:¢(Pi) interaction lines give factors 2.
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Propagator representation

n>0

n—+1 n

=1 ) j=0
n n
Y H o185 (e(ps)—in)

J=0 J=0

= et"/ d" s s [t —
[0,00)m+1

_ etn/da e—ita/ dn+18 e—isj(a—e(pj)—i—in)
[0,00)7+1 H

i=0

da i T 1
— {Tnetn / ac p—lat H .
2 - a—e(ps) +in

J_

Choose n =t 1.
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Pairings

The “up—down” pairings correspond to permutations o € P,

o= Id: ladder graph
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Contributions at the kinetic time scale

a ladder of length n gives ~ L (A\%¢)" = LT™.
graphs with crossings get inverse powers of ¢t compared to the ladder:
1 1 ~b|logn|k
/ dp | ot | log ]
o —w(p) +inl |8 —w(Ep+ q) — in| gl +mn

(b = 0 for the continuum; 1/2 < b < 3/4 on the lattice). || p | = |p| in the
continuum, || p || = min{|p — v| : v; € {0, =7 }} on the lattice. Here

w(p) = e(p).

However, the number of graphs goes like n!, so expanding to infinite order
Is useful only on very short kinetic timescales

Can one do a finite order expansion? n!t~! = O(1) = roughly, n ~ log .
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Duhamel formula

t
w(t) _ e—itHwo _ e—itHowo L 1)\/ ds e—i(t—S)Hve—isHowo
0

lteration gives
N—1

P(t) =Y ™) + N (),

n=0

t
U (t) = (—i) /0 ds e 1= H N7 (N=1) ()

$(8) = ()" / Qi (s)e5nHoV |V gisoHoy,
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Unitarity of the full time evolution

t
en )] < / N e O]
0

AV =D (4) H

VA
C\H~
o,

(V)

Thus
¢ 2
[wx O <t AP [ ds Vo)
0

By a Schwarz inequality

£ (10.15,) - (0.W5,)| < € [ a6 sup |O€,0)] VBl Ellvr — vl

Thus one can get rid of H at the expense of a factor ¢, which can be
controlled by making a further crossing explicit.
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Boltzmann equation

The ladder terms give the gain term in the Boltzmann equation. The
lowest order self-energy correction gives the loss term in the Boltzmann
equation.

It corresponds to the “gate” graph

- —
¢ — —
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Long Time Scale: Renormalization

Ladders ~ (A?t)" /n! blow up on the longer time scale. For ¢ > 0 set

@8(&,T):/dq ‘B(T_Q)P

a—e(q) +ie’

O.(a) = O.(a,r) for any r with e(r) = a. Let O(a) = li%l+ O©.(a) and set

Let w(p) = e(p) + A\?0(p) and decompose
H=w(P)+ U, U=\V - \0(P)
Iterate Duhamel with Hy = w(P).

Hj is not selfadjoint because w has an imaginary part
but e~##o is bounded for s > 0.
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Essential features of the new propagator

For d > 3 there is ¢ > 0 such that

Imw(p) = —7®(e(p)) < —N[p|* .

There is a constant Cy such that

X dp <1 \1-0(x) |
s,%?r/ (a—w(ptr)—in) (B—w(p—r)+in) — + Co

Thus with this renormalization, the ladders become of order 1.
Expand up to order n ~ A\t ~ \7*; ladder term gives the limiting equation.

Use flexibility of the Duhamel formula to do the cancellation of the “gate”
terms against the counterterm —\#0(P) in the interaction term.

Graduiertentaa. Universitat Graz. November 14. 2008 — p. 37/45



Key estimate for controlling combinatorics

For a permutation o € S, let d(o) be the degree of the permutation,
defined as the number of non-ladder indices. Let ", be the
Feynman graph corresponding to . There is v > 0 such that for all o

Val(T,)] < X)), (%)

The number of permutations with degree D is

Nop=H{oe€S8,:dlo)=D} < 2(2n)"

Expanding up to n = O(A=%7?), § > 0, we have, if y — x — 6 > 0,

Z \dle) — Z AN, 4 < 2 Z (20)20=1=0) < O(AP(r=r=0))

cESn d=D d=D
d(c)>D

(x) is proven using a special integration algorithm for bounding the values
of large Feynman graphs.
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Conclusion

® Have proven diffusive behaviour on a timescale T' = A" 7T,
X =\"2x.

® The number of collisions to follow in the proofis n ~ A\t ~ A™%, so
effectively, need sharp bounds on Feynman graphs of arbitrary size.

® Classification in terms of degrees of permutations allows us to control
combinatorics.

= Qur results imply that localization is not possible in a region of size
A7279.5 > 0.

B Extended states conjecture remains open
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