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QCD: Formulation (Euclidean)

[Fritzsch, Gell-Mann and Leutwyler (1973)]

L QCD(x) = L G(x) + L F (x) ; L G(x) =
1
4

F a
�� (x)F a

�� (x)

L F (x) =
NfX

i= 1

� (i) (x)
 �
�
@� + ig0 T aAa

� (x)
�

| {z }
D�

 (i) (x) + m(i)
q

� (i) (x) (i) (x)

i = u d|{z}
mu= md

(s c b t) (increasing mass)

Consider degenerate

(u; d) isodoublet:  =
�

u
d

�
Chiral symmetry
SUV (2) � SUA(2) (mq = 0)

SU(2)V :
�

 ! expf i
2 � i � i g 

� ! � expf� i
2 � i � ig

SU(2)A:
�

 ! expf 1
2 � i � i 
 5g 

� ! � expf 1
2 � i � i 
 5g
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Lattice QCD in a nutshell

4d Euclidean continuum replaced by (hyper)cubic lattice:
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Invent a discretized version of the continuum QCD action:
[K. Wilson (1974)]

Uxa

( )(x)
 = 1,2,3,4

m

x+a  

 x+a  

m

m

m
y y

^

^

� = f x� = n� a ; n� 2 Zg;

Gauge �eld ! U� (x) 2 SU(3) (color) ; Ug
� (x) = g(x)U� (x)gy(x+ �̂ )

D� [A] (x) ! r � [U] (x) � 1
a (U� (x) (x + �̂ ) �  (x))

h
r �

� [U] (x) � 1
a

�
 (x) � Uy

� (x � �̂ ) (x � �̂ )
�i
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The Wilson action

SWQCD = SG[U] + SW [ � ;  ; U] ; Ux� � U� (x) ;  x �  (x)

SW [ � ;  ; U] =
P

x a4
n

� x 
 �
(r � + r �

� )
2  x � 1

2 a � x r �
� r �  x + m0 � x  x

o

=
P

xy
� L

x M[U]xy  L
y (fermion matrix)

M[U] =
�

D[U]
D[U]

�

Wilson term:

Needed to decouple unphysical modes (“doublers”) for a ! 0.

Breaks explicitly chiral symmetry.

Additive renormalization of the quark mass: mq = m0 � mcr (g0).

Wilson term
BBM
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Monte Carlo estimate of integrals

On a lattice functional integral ! ordinary integral:

hOi = Z � 1
Z

D � D DA� O[U; � ;  ] e� SQCD !

hOLi = Z � 1
L

Z Y

x

d � x d x

Y

�

dUx� OL[U; � ;  ] e� SWQCD

Integrate out fermion �elds:

hOLi = Z � 1
L

Z Y

x�

dUx� Oeff [U] e� Seff [U]

e� Seff [U] = e� SG[U] det(M[U])
| {z }

e� S(q)
eff [U]
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Importance sampling:

hOLi = hOeff [U] ij P[U] '
1
N

X

i

Oeff [Ui ] (� hOLi � 1=
p

N)

Set f Ui ; i = 1; : : : ; Ng distributed according to P[U] � e� Seff [U].

Markov chain of link con�gurations:

-U1

6

Monte Carlo update [M. Creutz (1980)]

-U2 -U3 -U4 -U5
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Simulating with the Wilson action

Different discretization of L QCD are possible!

Pros and cons of the Wilson action:

Pros

Theoretically sound.

Simple, ultra-local ! cheap, ideal for parallelization.

Cons (explicit chirality breaking)

Unimproved : O(a) discretization effects.

Fermion matrix M[U]xy not protected from very small
eigenvalues ! simulation becomes inef�cient for light quark
masses.
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Example: “Hybrid Monte Carlo”:

Pseudofermion representation:

e� S(q)
eff [U] =

Z Y

z

d �� zd� z expf�
X

xy

�� y (DyD) � 1
yx � x g :

Monte Carlo update of the link-variable U: trajectory in phase-space
of a classical dynamical system.

Canonical variables: (U; P), H = P2=2 + Seff [U]
(� = Gaussian noise)

“Fermionic force”:

F q = � @
@U � S(q)

eff [U] = �� (DyD) � 1 @(Dy D)
@U (DyD) � 1�
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Exceptional con�gurations

Dy[U]D[U] becomes almost singular on “exceptional con�gurations”
! large fermionic force, instability of the system:

0

50

100

0 100 200 300 400 500
10

-5

10
-4

PSfrag replacemen ts

t

MD

�

min

�

H

[Della Morte et Al. (2004)]

Continuum: D ! 
 � D� + mq ,
�nite volume: 
 � D� vn = i� nvn, symmetry � n ! � � n !
det(
 � D� + mq) = ( mq)# zeromodes Q

n(j� n j2 + m2
q) > 0 for mq 6= 0!
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A prolog: Twisted Mass QCD in the continuum

Consider degenerate (u; d) isodoublet:  =
�

u
d

�

L QCD =
1
4

F a
�� F a

�� + � 
 � D�  + mq �  

Chiral transformations:

SU(2)V :
�

 ! expf i
2 � i � i g 

� ! � expf� i
2 � i � ig

SU(2)A:
�

 ! expf 1
2 � i � i 
 5g 

� ! � expf 1
2 � i � i 
 5g

Soft Breaking

mq6=0 breaks SU(2)A:
mq �  ! mqcosj� j �  +
i mqsinj� j � � i � i

j � j 
 5 

“Chirally twisted” mass-term!
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Twisted Mass QCD Lagrangian:

L (m;� )
tmQCD =

1
4

F a
�� F a

�� + � 
 � D�  +

“untwisted mass”
z}|{
m �  + i �

|{z}
“twisted mass”

� 
 5� 3 

Less symmetry?

� 6=0: P=, SU(2)V ! V3 � expf i
2 �� 3g

But: the twist and the symmetry breaking can be undone!
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Rede�nition of �elds:
8
<

:

 0[ ](x) = expf i
2 !
 5� 3g (x)

� 0[ � ](x) = � (x) expf i
2 !
 5� 3g

! = arctg( �
m )

Correspondence for the action

S(m;� )
tmQCD [ � ;  ] = S(mq )

QCD

�
 0[ ]; � 0[ � ]

�

S =
R
dxL(x) ; mq =

p
m2 + � 2

m

�
mq

!

Correspondence for Green's
functions

hÔ[ ; � ]i S(m;� )
tmQCD

= hO[ ; � ]i
S

(mq)
QCD

! Ô[ ; � ] = O
�
 0[ ]; � 0[ � ]

�

Remark. tmQCD has the full
symmetry of the original theory (but
in different form). E.g.:

P :
�

 0(x) ! 
 0 0(xP )
� 0(x) ! � 0(xP )
 0

�!

�
 (x) ! 
 0 expf i !
 5� 3g (xP )
� (x) ! � (xP ) expf i !
 5� 3g
 0
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Irrep of SU(2)V � SU(2)A: OA
�
 0; � 0

�
= RAB(~� ; ~� )OB

�
 ; � 

�
!

ÔA[ ; � ] = RAB(~0; ! ~e3)OB
�
 ; � 

�

Example: chiral currents

O�
A(x) = � (x)� � A  (x) :

�
V A

�
AB

�

� �

 �

 � 
 5

�

Transformation of chiral currents
0

B
B
B
B
B
B
B
B
B
@

V̂ 1

V̂ 2

V̂ 3

Â1

Â2

Â3

1

C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
@

cos! 0 0
0 cos! 0
0 0 1

0 � sin� 0
sin� 0 0

0 0 0

0 � sin� 0
sin� 0 0

0 0 0

cos! 0 0
0 cos! 0
0 0 1

1

C
C
C
C
C
C
C
C
A

| {z }
RAB (0; 0;0;! )

0

B
B
B
B
B
B
B
B
@

V 1

V 2

V 3

A1

A2

A3

1

C
C
C
C
C
C
C
C
A
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�
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�
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Maximal twist: ! = �= 2

m = 0, mq � �

Charged vector currents look like
axial currents (and vice-versa)!

V̂ 1 = � A2

V̂ 2 = A1

V̂ 3 = V 3

Â1 = � V 2

Â2 = V 1

Â3 = A3

m

�

mq

! = �
2
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Renormalization

Introduce UV cutoff � in a chiral and gauge invariant scheme

Theory renormalizable by power counting:

g2
R = Zg g2

0 ; mR = Zm m ; � R = Z� �

Renormalization of gauge invariant composite operators:

OR = ZO (O +
P

i � [d(O)� d(Oi )] � i Oi) ; d(Oi ) < d(O)

Z = Z(g2
0 ; � ren=� ; mq=� ; ! ) ; � i = Z(g2

0 ; mq=� ; ! )

Power subtractions may appear in some regularization scheme, e.g. in lattice theory

with exact chiral symmetry (� � 1=a).

Renormalization Scheme

ÔA
R [ ; � ] = RAB(! )OB

R

�
 ; � 

�
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Example.
�

Pa � i � � a

2 
 5 
S0 � 1

2
�  

�
:

Pa
R = Z a

P(! ) Pa

S0
R = Z 0

S(! ) S0

RS ful�lled if:

! = 0: Choose a scheme which preserves the multiplet structure

! Z a
P(! = 0) = Z 0

S(! = 0)

! 6= 0: Choose a ! -independent renormalization prescription:

! Z (! ) = Z (! = 0)
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Twisted Mass Wilson QCD (tmWQCD)

WQCD with chirally twisted mass term: [Frezzotti, Grassi, Sint, Weisz (1999)]

Stm
W =

P
x a4

� � x 
 � ~r �  x � 1
2a � x r 2 x + m0 � x  x + i� � x � 3
 5 x

	

Renormalization:

� = 0 (WQCD): Determine mcr , ZP , Z 0
S , ZV , ZA, etc. by imposing

recovery of chiral symmetry in the renormalized theory
(ZP 6= Z 0

S , ZV 6= ZA 6= 1!). [Bochicchio et Al. (1985)]

mR = Z 0
S

� 1
(m0 � mcr ) ; � R = Z � 1

P �

� 6= 0 (tmWQCD): use mcr , ZP , Z 0
S , ZV , ZA, etc. at � = 0.

Renormalization scheme (lattice)

hOA
R(x) : : :i

S
(mq R )

QCD

= RAB(! )hOB
R(x) : : :i

S
(mR ;� R )
tmQCD

+ O(a)
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Twisted Mass Wilson QCD (tmWQCD)

WQCD with chirally twisted mass term: [Frezzotti, Grassi, Sint, Weisz (1999)]

Stm
W =

P
x a4

� � x 
 � ~r �  x � 1
2a � x r 2 x + m0 � x  x + i� � x � 3
 5 x

	

Renormalization:

� = 0 (WQCD): Determine mcr , ZP , Z 0
S , ZV , ZA, etc. by imposing

recovery of chiral symmetry in the renormalized theory
(ZP 6= Z 0

S , ZV 6= ZA 6= 1!). [Bochicchio et Al. (1985)]

mR = Z 0
S

� 1
(m0 � mcr ) ; � R = Z � 1

P �

� 6= 0 (tmWQCD): use mcr , ZP , Z 0
S , ZV , ZA, etc. at � = 0.

Renormalization scheme (lattice)

hOA
R(x) : : :i

S
(mq R )

QCD

= RAB(! )hOB
R(x) : : :i

S
(mR ;� R )
tmQCD

+ O(a)
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O(a) Isospin and parity breaking

De�ne: m = m0 � mcr

Stm
W =

P
x a4

� � x 
 � ~r �  x � 1
2a � x

�
r 2 � 2

a mcr
�

 x + m � x  x + i� � x � 3
 5 x
	

Rewrite in terms of primed �elds  0, � 0:
8
<

:

 0
x = expf i!
 5� 3g x

� 0
x = � x expf i

2 !
 5� 3g
! = arctg( �

m )

Stm
W [ 0; � 0] =

P
x a4 f � 0

x 
 � ~r �  0
x �

1
2

a � 0
xei !
 5� 3

�
r 2 �

2
a

mcr

�
 0

x

| {z }
O(a) breaking of isospin and parity

+ mq � 0
x  0

x g
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SBreak = 1
2a5 P

x
� 0

x ei !
 5� 3(r 2 � 2
a mcr ) 0

x =

1
2a5 P

x
� 0

x i � 3
 5(r 2 �
2
a

mcr ) 0
x

| {z }
maximal twist ! = �= 2:
e

i
2 !
 5� 3 = i� 3
 5

= i
2 a5

 
+ �ux 
 5

�
r 2 � 2

a mcr
�

ux

� �dx 
 5
�
r 2 � 2

a mcr
�

dx

!

! O(a) mass split � � -� 0:

M� � � M� 0 6= 0 [= O(a)]
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Eigenvalue spectrum of the Wilson matrix

Stm
W =

P
x a4

� � x 
 � ~r �  x � 1
2a � x r 2 x + m0 � x  x + i� � x � 3
 5 x

	
=

P
x

� L
x M (m0;� )

xy  L
y

M (m0 ;� ) �


 � a ~r � �
1
2

a2 r 2 + am0
| {z }

D(m0)

+ ia�
 5� 3

Fermion matrix M (m0;� )

SW = � L
� ax M� ax;� by  L

� by
Dirac color site (�avor)

Flavor structure:

M (m0 ;� ) =

0

B
B
B
@

D(m0;� )

z }| {
D(m0) + ia�
 5 0

0 D(m0) � ia�
 5| {z }
D(m0; � � )

1

C
C
C
A
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Eigenvalue spectrum of D(m0;� )

Eigenvalue spectrum of D(m0 ;� ) : D(m0 ;� )v� = � (m0; � )v� � 2 C

Symmetries:
Symm. � (m0; � ) $ � � (m0; � � ) � (0; � ) � 4 $ � [� (0; � � ) � 4]

-

Im

Re l

l

m

m( )

( )

Im

Re l

l

m )( )

l
=

4
R

e

m( 
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Effect of the twisted mass

Im

Re l

l

( m= 0

m( = 0)

)

jIm(� (m0; � )) j � �

����������������������������������������������������������

���������������������������������������������������������������������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������
�����������������������������

Im l

Re l

m

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

-0.3 -0.2 -0.1 0 0.1 0.2 0.3

Im
 l

Re l

83 x 16 lattice
b = 0.55
k = 0.194
c1 = -1.4088

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

Im
 l

Re l

123 x 24 lattice
b = 5.20
k = 0.1715
c1 = 0
m=0.01

high plaq. phase
low plaq. phase

[F.F.etA
l.

(2005)]
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IR cutoff for fermion matrix

M (m0 ;� ) =

0

B
B
B
@

D(m0;� )

z }| {
D(m0) + ia�
 5 0

0 D(m0) � ia�
 5| {z }
D(m0; � � )

1

C
C
C
A

det
�
M (m0 ;� )

�
= det

�

 5M (m0;� )

�
=

det
��


 5D(m0) + ia� 0
0 
 5D(m0) � ia�

��
=

det(1) [

D(m0)y

z }| {

 5D(m0) 
 5 D(m0)

| {z }
D(m0)yD(m0) :
positive matrix!

+( a� )2] > 0 for � > 0 !
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In numerical simulations:

D(m0 ;� ) y
D(m0 ;� ) = D(m0) y

D(m0) + ( a� )2 : � ! � + ( a� )2

0 5000 10000 15000 20000 25000 30000

1e-07 1e-07

1e-06 1e-06

1e-05 1e-05

0.0001 0.0001

0 5000 10000 15000 20000 25000 30000

1e-07 1e-07

1e-06 1e-06

1e-05 1e-05

0.0001 0.0001

history of smallest eigenvalue on different replica of run (i)

[F.F., Gebert, Scorzato, Montvay (2002)]

0.575

0.58

0.585

0.59

0.595

0.6

0 1000 2000 3000 4000 5000 6000 7000
0.0001

0.001

0.01

0.1

TM-DBW2, Run 12c24, N_f  = 2 (=4*0.5) Beta = 0.67 Kappa = 0.168, mu=0.01 (from high)

Plaq./Minimal EV

[F.F. et Al. (2004)]
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1 Lattice QCD with Wilson fermions
Formulation
Aspects of the simulation

2 Twisted Mass Lattice QCD
Continuum theory
Lattice theory
O(a) improvement at maximal twist

3 Numerical simulations of the maximally twisted theory
First results
Perspectives
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Symanzik effective action

SL lattice discretization of continuum action S =
R
dx L(x)

h
QCD: L = 1

4g2
0
F a

�� F a
�� + � (
 � D� + mq) 

i

Symanzik effective action SSym: continuum action describing the
discretization effects of SL.

SSym =
Z

dx
�
L (x) + a L 1(x) + a2L 2(x) + : : :

�

[Symanzik (1980)]

L n; n = 1; 2; : : : ; higher-dimensional operators:
d(L n) = n + 4.

Sn =
R
dx L n(x) enjoys all the symmetries of SL.
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Properties of QCD related to vacuum expectation values of
multi-local, multiplicatively renormalizable, gauge-invariant operators:

hO(x)i = hO(x1)O(x2) : : : O(xn)i O(x) lattice! OL(x)

Discretization effects:

hOL(x)i SL (lattice) = hO(x) + �O(x) i S!S Sym
(continuum)

�O(x) local lattice artifacts:

�O(x) = a O1(x) + a2 O2(x) + : : :

d(On) = d(O) + n.

On(x): same transformation properties of O(x) under the
symmetries of SL.
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Symanzik expansion (WQCD)

hOL(x)i S = hO(x)i +
P 1

n= 1 an Cn(x) =

hO(x)i + a f�
Z

dy hO(x)L 1(y)i + hO1(x)ig
| {z }

C1(x)

+ : : : (h i = h iS )

QCD: L 1 � � (� �� F�� ) “Pauli term”

Symanzik improvement program: O(ak )

Rede�ne
�

SL ! S latt;imp

OL ! O latt;imp such that:
�

L n = 0
On = 0

for n = 1; : : : ; k

! SWQCD;imp = SWQCD � c(g2
0 )

P
y L L

1(y) , c(g2
0 ) = 1 + O(g2

0 )

[Sheikholeslami and Wohlert (1985)]
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Symanzik expansion (WQCD)

hOL(x)i S = hO(x)i +
P 1

n= 1 an Cn(x) =

hO(x)i + a f�
Z

dy hO(x)L 1(y)i + hO1(x)ig
| {z }

C1(x)

+ : : : (h i = h iS )

QCD: L 1 � � (� �� F�� ) “Pauli term”

Symanzik improvement program: O(ak )

Rede�ne
�

SL ! S latt;imp

OL ! O latt;imp such that:
�

L n = 0
On = 0

for n = 1; : : : ; k

! SWQCD;imp = SWQCD � c(g2
0 )

P
y L L

1(y) , c(g2
0 ) = 1 + O(g2

0 )

[Sheikholeslami and Wohlert (1985)]
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tm WQCD at maximal twist

StmWQCD
maxtwist = SG + Stm

W (! = �= 2)

Stm
W (! = �= 2) =P

x a4 f � 0
x 
 � ~r �  0

x � 1
2a � 0

x i 
 5� 3
�
r 2 � 2

amcr
�

 0
x + mq � 0

x  0
x g

Statement

If O(x) parity even operator:

O(x1; x2; : : : ; xn)
P
! OP(xP

1 ; xP
2 ; : : : ; xP

n ) = O(x1; x2; : : : ; xn)

then:
Cn(x) = 0 for n = odd: All odd-n O(an) discretization effects vanish!

! h OL(x)i StmWQCD
maxtwist

= hO(x)i + a2
�

�
R

dyhO(x)L 2(y)i + : : :
	

+ a4
�

�
R

dyhO(x)L 4(y)i + : : :
	

+ : : :

[Frezzotti and Rossi (2003)]

Federico Farchioni Lattice QCD with twisted mass fermions



Lattice QCD with Wilson fermions
Twisted Mass Lattice QCD

Numerical simulations of the maximally twisted theory

Continuum theory
Lattice theory
O(a) improvement at maximal twist

Sketch of the proof

Symmetry of StmWQCD
maxtwist: (mq ! � mq) � D � P

2

6
4 D :

8
><

>:

U� (x) ! Uy
� ( � x � a�̂ )

 (x) ! ( � 1)3= 2  ( � x)
� (x) ! ( � 1)3= 2 � ( � x)

3

7
5

(mq ! � mq) � D counts the parity of the dimension of O, d(O):

O(x)
(mq !� mq )�D

�! (� 1)d(O)O(� x)

P � (mq ! � mq) � D symmetry of StmWQCD
maxtwist !

8
>><

>>:

(� 1)d(Sn)P(Sn) = 1 ! P(Sn) = ( � 1)d(Sn) = ( � 1)n

(� 1)d(On)P(On) = ( � 1)d(O) P(O)
| {z }

= 1!

! P(On) = ( � 1)d(On)� d(O) = ( � 1)n

Parity of the lattice correction = parity of its mass dimension!
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Sketch of the proof

Symmetry of StmWQCD
maxtwist: (mq ! � mq) � D � P

2

6
4 D :

8
><

>:

U� (x) ! Uy
� ( � x � a�̂ )

 (x) ! ( � 1)3= 2  ( � x)
� (x) ! ( � 1)3= 2 � ( � x)

3

7
5

(mq ! � mq) � D counts the parity of the dimension of O, d(O):

O(x)
(mq !� mq )�D

�! (� 1)d(O)O(� x)

P � (mq ! � mq) � D symmetry of StmWQCD
maxtwist !

8
>><

>>:

(� 1)d(Sn)P(Sn) = 1 ! P(Sn) = ( � 1)d(Sn) = ( � 1)n

(� 1)d(On)P(On) = ( � 1)d(O) P(O)
| {z }

= 1!

! P(On) = ( � 1)d(On)� d(O) = ( � 1)n

Parity of the lattice correction = parity of its mass dimension!
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n = odd, Symanzik expansion:

Cn(x) = hparity-odd operatori SQCD
= 0

! odd-n O(an) corrections vanish.
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Improved quantities

Hadron masses:

M� , M� , MN , : : :

Decay constants:

F� = 1
M�

h
 jA+
0 (~0; 0)j� � ; ~k = ~0i

Matrix elements:

hh;~kjOjh0; ~k0i
�
�
� parity

avg

= 1
2

h
hh;~kjOjh0; ~k0i + ( � 1)Phh; � ~kjOjh0; � ~k0i

i

. . .
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Scaling of F� at maximal twist quenched theory

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

(a/r0)
2

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55
f P

Sr 0

kc
pion

,  mPS=297 MeV 
kc

PCAC,  mPS=297 MeV

kc
pion

,  mPS=507 MeV

kc
PCAC,  mPS=507 MeV

kc
pion

,  mPS=880 MeV
kc

PCAC,  mPS=880 MeV

[Jansen, Papinutto, Shindler, Wetzorke (2005)]
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European Twisted Mass Collaboration

D. Alexandrou, Ph. Boucaud, Th. Chiarappa, P. Dimopoulos, F.F.,
R. Frezzotti, V. Gimenez Gomez, G. Herdoiza, K. Jansen, G. Koutsou,
V. Lubicz, G. Martinelli, C. McNeile, F. Mescia, C. Michael, I. Montvay,
G. Münster, K. Nagai, D. Palao, M. Papinutto, O. Pene, J. Pickavance,

G.C. Rossi, S. Schäfer, L. Scorzato, A. Shindler, S. Simula,
C. Tarantino, C. Urbach, T. Vladikas, U. Wenger
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First large scale simulations

Simulation of Nf = 2, maximally twisted mass QCD.

a ' 0:09 fm (L ' 2 fm).

5 values of the quark mass.

Lightest simulated pion mass M� ' 300MeV.

Optimized Hybrid Monte Carlo Algorithm. [Urbach, Jansen, Shindler,

Wenger (2005)]
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(am2
PS=� )

(a� )

0.0160.0120.0080.0040

5.0

4.8

4.6

4.4

�t to 4 points
�t to 5 points

(af PS)

(a� )

0.0160.0120.0080.0040

0.09

0.08

0.07

0.06

0.05

Precise determination of Gasser-Leutwyler coef�cients (a =0.09 fm):

[Boucaud, F.F. et Al., ETMC (2006)]

Chiral �ts ! Low energy constants �l3, �l4
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� -� scattering lengths a0
0, a2

0

0.16 0.18 0.2 0.22 0.24 0.26 0.28

a
0
0

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0

a
2
0

Universal band
tree (1966), one loop (1983), two loops (2000)
Prediction (cPT + dispersion theory, 2001)
l4  from low energy theorem for scalar radius (2001)

l3  from Del Debbio et al. (2006)

l3 and l4 from MILC (2004, 2006)

l3 and l4 from ETM (2007)

NPLQCD (2005)

[Leutwyler (2006)]
�l3 �l4 Source
2:9 � 2:4 4:4 � 0:2 (Pheno)
3:65 � 0:12 4:52 � 0:06 (ETMC)
3:0 � 0:51 (Del Debbio et Al.)
0:8 � 2:3 4:6 � 0:6 (MILC)
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3 Numerical simulations of the maximally twisted theory
First results
Perspectives

Federico Farchioni Lattice QCD with twisted mass fermions



Lattice QCD with Wilson fermions
Twisted Mass Lattice QCD

Numerical simulations of the maximally twisted theory

First results
Perspectives

Perspectives

Analysis of the produced Nf = 2 con�gurations

Baryons
Pion form factors
NP renorm. factors of composite operators
Overlap valence fermions
� regime
Topology
Rho decay
Strange, Charm quark mass
. . .

Including the strange (and charm) quark: Nf =2+1+1.
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Thank you!
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Example.

 
V a

� � i � � a

2 
 �  
Aa

� � i � � a

2 
 � 
 5 

!

:
V a

R = Z a
V (! ) V a

Aa
R = Z a

A(! ) Aa

! = 0: Chiral Ward Identities ! Z a
V = Z a

A = 1

! 6= 0: ZA;V (! ) = ZA;V (! = 0) = 1
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h�ux 
 5ux �uy 
 5uy i + u ! d

(h�ux 
 5ux i � h �dx 
 5dx i )( h�uy 
 5uy i � h �dy 
 5dy i )

h�ux 
 5dx �dy 
 5uy i + u ! d

� � :

� 0 : �
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�yx

u

x

d

y+

u d

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�yx

u

d

x

d

u

y+

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

[

u d u d

x y yx

[ ]- - ]x

Lattice effect!
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Eigenvalue spectrum of D(m0;� )

Eigenvalue spectrum of D(m0 ;� ) : D(m0 ;� )v� = � (m0; � )v� � 2 C

Symmetries:
Op. � 5

� x;� y = 
 5
�� � xy � � x;� y = � �� (� 1)x1+ x2+ x3+ x4 � xy

Transf. � 5D(m0 ;� ) � 5 =
�
D(m0 ;� � )

� y
�

�
D(0;� ) � 4

�
� = �

�
D(0;� � ) � 4

�

Symm. � (m0; � ) $ � � (m0; � � ) � (0; � ) � 4 $ � [� (0; � � ) � 4]

-

Im

Re l

l

m

m( )

( )

Im

Re l

l

m )( )

l
=

4
R

e

m( 
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Maximal twist

Dirac operator for the primed �elds  0; � 0:

Stm
W =

P
x a3 � 0

x

�

 � a ~r � �

1
2

a2 ei !
 5� 3

�
r 2 �

2
a

mcr

�
+ amq

�

| {z }
M0(!; mq )

 0
x

Maximal twist:

M0(! = �= 2;mq ) =


 � a ~r � �
1
2

a2 i 
 5� 3

�
r 2 �

2
a

mcr

�

| {z }
Anti-Hermitian operator!

+ amq
Continuum-like
spectrum!

Im

Re l

l

77 7((  

{
mq
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Maximal twist (primed �elds  0; � 0 basis):

M (! = �= 2;mq ) =


 � a ~r � � 1
2a2 i 
 5� 3

�
r 2 � 2

amcr
�

+ amq =
�

D(+) + amq

D(� ) + amq

�

D(� ) : lattice operator for massless u d quarks. Chiral properties:

Lattice maximal-twist tm:


 5D(+ ) + D( � ) 
 5 = 0

D( � )v = i� ( � )v : � (+) ! � � ( � )

detM =
Q N

i= 1(i �
(+)
i + mq)( i � ( � )

i + mq)

=
Q N

i= 1(� (+)
i

2
+ m2

q)

Continuum:


 5D + D
 5 = 0

Dv = i� v : � ! � �

[
Q N=2

i= 1 (i � + mq)( � i � i + mq)]2

= [
Q N=2

i= 1 (� 2 + m2
q)]2
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Improved quantities

Hadron masses:

Ghh(~k; t) = a3 P
x ei~k�~x hOh(~x; t)Oy

h(~0; 0)i =
P

n
1

2Eh; n(~k)
jh
 jOh(~0; 0)jh; n;~kij 2 e� Eh; n(~k)t

Ghh(~k; t) = Ghh(� ~k; t) ! improvement for Eh;n(~k)

Decay constants:

F� = 1
M�

h
 jA+
0 (~0; 0)j� � ; ~k = ~0i

Matrix elements:

hh;~kjOjh0; ~k0i
�
�
� parity

avg

= 1
2

h
hh;~kjOjh0; ~k0i + ( � 1)Phh; � ~kjOjh0; � ~k0i

i

. . .
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The strange quark

The strange must be included together with the charm in a SU(2)
doublet: [Frezzotti, Rossi (2003)]

 h =
�

c
s

�

STM
h� quark =

X

x

a4
n

� h(x)

 �

2
(r � + r �

� ) h(x) �
a
2

� h(x)r � r  h(x) +

Sh� quark =
X

x

a4
�

� h(x)
r [U] + r � [U]

2
 h(x) �

a
2

� h(x)r � r [U] h(x) +

+ m0h
� h(x) h(x) + i� 0h

� h(x)� 1
 5 h(x) + � 0 � h(x)� 3 h(x)
	

mass splitting term
B

BBM

mc;s =
q

m2
h + � 2

h � �
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Algorithmic development required: optimized algorithm ready.
[Montvay, Scholz (2005)]

Comparison with a second algorithm on the way.
[Chiarappa, Frezzotti, Urbach (in progress)]

First simulations have been performed [Chiarappa, F.F. et Al. (2006)]:

Practical approach for tuning to maximal twist:

m0l = m0h ^ mlight
PCAC = 0

Tuning � 0h; � 0 such that ms and mc take their physical values is
feasible.

Exactly degenerate isospin doublets: (K + ; K 0), (D0; D� ) (but
mixing between them).

Next: light u; d (M� ' 300MeV) and s at the physical point.
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