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B-physics — A challenge for lattice QCD

B-physics & Lattice QCD

◮ Precision physics of the Cabibbo-Kobayashi-Maskawa matrix involves
hadronic matrix elements

Example:
Leptonic B-meson decay

B −→ lepton + ν lepton 〈Bd(p) | b̄ γµγ5 d | 0 〉 = i pµFBd
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B-physics — A challenge for lattice QCD

B-physics & Lattice QCD

◮ Precision physics of the Cabibbo-Kobayashi-Maskawa matrix involves
hadronic matrix elements

Example:
Leptonic B-meson decay

B −→ lepton + ν lepton 〈Bd(p) | b̄ γµγ5 d | 0 〉 = i pµFBd

Determination of the CKM-parameters
(‘fundamental’ parameters of nature)
Tests of the unitarity of the CKM matrix
CP violation in the standard model (SM) of particle physics

◮ The b-quark mass

◮ Spectrum and lifetimes of beauty-hadrons, ...
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B-physics & Lattice QCD

◮ Precision physics of the Cabibbo-Kobayashi-Maskawa matrix involves
hadronic matrix elements

Example:
Leptonic B-meson decay

B −→ lepton + ν lepton 〈Bd(p) | b̄ γµγ5 d | 0 〉 = i pµFBd

Determination of the CKM-parameters
(‘fundamental’ parameters of nature)
Tests of the unitarity of the CKM matrix
CP violation in the standard model (SM) of particle physics

◮ The b-quark mass

◮ Spectrum and lifetimes of beauty-hadrons, ...

As the required B-meson matrix elements live in the low-energy, genuinely
non-perturbative regime of QCD, its evaluation is a task for lattice QCD
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B-physics — A challenge for lattice QCD

The CKM matrix

(
u

d

)
,

(
c

s

)
,

(
t

b

)

Weak interactions (such as neutron→ proton decays) take place within
quark families

u −→ d ′ Lint ∼ uW−d
′ etc.

but only through transforming weak eigenstates 7−→ mass eigenstates



d ′

s′

b ′



 = VCKM




d

s

b



 VCKM =




Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb





the latter entering the flavour changing interaction of charged currents in
the hadronic sector of the standard model

LCC ∼
(
u, c, t

)
γµ (1 − γ5)VCKM




d

s

b



W†
µ + h.c.
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B-physics — A challenge for lattice QCD

The CKM matrix




d ′

s′

b ′



 = VCKM




d

s

b



 VCKM =




Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb





Wolfenstein parameterization

◮ Unitarity in the SM: VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 ⇐⇒ triangle

◮ Expansion in powers of the
the Cabibbo angle |Vus| = λ ≃ 0.22






1 − λ2

2 λ Aλ3(ρ− i η)

−λ 1 − λ2

2 Aλ2

Aλ3(1 − ρ− i η) −Aλ2 1






V V
V V

ud ub

cd cb*
*

V V
V V

td tb

cd cb

*
*

α

β
(1,0)(0,0)

(η,ρ)η

ρ
γ
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The CKM matrix

Wolfenstein parameterization

◮ Unitarity in the SM: VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 ⇐⇒ triangle

◮ Expansion in powers of the
the Cabibbo angle |Vus| = λ ≃ 0.22




1 − λ2

2 λ Aλ3(ρ− i η)

−λ 1 − λ2

2 Aλ2

Aλ3(1 − ρ− i η) −Aλ2 1





V V
V V

ud ub

cd cb*
*

V V
V V

td tb

cd cb

*
*

α

β
(1,0)(0,0)

(η,ρ)η

ρ
γ

Angles and sides related to various mesonic decays/transitions ...

... but only, if the relation between quark tran-
sitions and (B–)meson transitions are known
→ low-energy hadronic matrix elements

_

B B

b d

bd

W W
_

_

_

         time

   u,c,t

Large number of experimental data
→ B-factories BaBar, Belle, LHCb, ...
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B-physics — A challenge for lattice QCD

The rôle of lattice results

Illustration: Unitarity triangle analysis (‘CKM fit’) [ Okamoto @ Lattice 2005 ]

Constraints on (η,ρ) by mass differences (due to B− B oscillations) & ǫK

〈M | O∆M=2 | M 〉 =
4
3
m2

MF
2
MBM

〈 0 | b̄γµγ5q |Bq 〉 = ipµFBq , q = d, s

∆md ∝ F2
Bd
B̂Bd |VtdV

∗
tb|

2

∆ms

∆md
∝

F2
Bs
B̂Bs

F2
Bd
B̂Bd

|Vts|
2

|Vtd|2
= ξ2 |Vts|

2

|Vtd|2

UT with lattice input from BK, FBd ,BBd , ξ: Today versus expected (5-3)% accuracy
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B-physics — A challenge for lattice QCD

Another, more explicit analysis:

∆md ∝ F2
Bd
B̂Bd |VtdV

∗
tb|

2

∆ms

∆md
∝

F2
Bs
B̂Bs

F2
Bd
B̂Bd

|Vts|
2

|Vtd|2
= ξ2 |Vts|

2

|Vtd|2

◮ top: with lattice input from BK, FBd ,BBd , ξ
◮ bottom: lattice results (BK, FBd ) dropped
[ Ciuchini et al., 2003 ]
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Another, more explicit analysis:

∆md ∝ F2
Bd
B̂Bd |VtdV

∗
tb|

2

∆ms

∆md
∝

F2
Bs
B̂Bs

F2
Bd
B̂Bd

|Vts|
2

|Vtd|2
= ξ2 |Vts|

2

|Vtd|2

◮ top: with lattice input from BK, FBd ,BBd , ξ
◮ bottom: lattice results (BK, FBd ) dropped
[ Ciuchini et al., 2003 ]

Presently:
Assuming the SM, lattice results have small influence but have been
reproduced by fits to experimental data alone
→ influence of Beyond-SM physics is ‘small’
However:
Determining limits — or discovering — BSM physics demands high
precision of experiments and the determination of key parameters
from ‘first principles’
→ reliable lattice QCD calculations
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B-physics — A challenge for lattice QCD

Another, more explicit analysis:

∆md ∝ F2
Bd
B̂Bd |VtdV

∗
tb|

2

∆ms

∆md
∝

F2
Bs
B̂Bs

F2
Bd
B̂Bd

|Vts|
2

|Vtd|2
= ξ2 |Vts|

2

|Vtd|2

◮ top: with lattice input from BK, FBd ,BBd , ξ
◮ bottom: lattice results (BK, FBd ) dropped
[ Ciuchini et al., 2003 ]

Suitable framework for heavy-light systems is the

Heavy Quark Effective Theory

-

ΛQCD mQ ≫ ΛQCD mW

Electroweak
theory

HQET QCD

︸ ︷︷ ︸ ︸ ︷︷ ︸
Long distance physics: Short distance physics:
non-perturbative techniques perturbation theory, renormalization group

-�
µ ∼ nΛQCD
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B-physics — A challenge for lattice QCD

Lattice HQET — Why ?

Consider a large lattice as possible in the quenched approximation

λπ = 1/mπ ≈ L

λB ∼ 1/mb < a

◮ Light quarks: too light
Widely spread objects
Finite-volume errors due to
light pions

◮ b-quark: too heavy
Extremely localized object
B-mesons need very fine
resolutions, otherwise:

◮ discretization errors
◮ ‘fall through the lattice’
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B-physics — A challenge for lattice QCD

Lattice HQET — Why ?

Consider a large lattice as possible in the quenched approximation

λπ = 1/mπ ≈ L

λB ∼ 1/mb < a

◮ Light quarks: too light
Widely spread objects
Finite-volume errors due to
light pions

◮ b-quark: too heavy
Extremely localized object
B-mesons need very fine
resolutions, otherwise:

◮ discretization errors
◮ ‘fall through the lattice’

⇒ Propagating b on the lattice beyond today’s computing resources

⇒ Recourse to an effective theory for the b-quark:

Heavy Quark Effective Theory
[ Eichten, 1988; Eichten & Hill, 1990 ]
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Lattice QCD basics

Lattice QCD
‘Ab initio’ approach to determine phenomenologically relevant key parameters

LQCD [g0,mf] = −
1

2g2
0

Tr {FµνFµν} +
∑

f=u,d,s,...

ψf {γµ (∂µ + g0Aµ) +mf}ψf






Fπ
mπ
mK
mD
mB






︸ ︷︷ ︸
Experiment

LQCD [g0,mf]
=⇒






ΛQCD
Mu,Md
Ms
Mc
Mb






︸ ︷︷ ︸
QCD parameters (RGIs)

+






FD
FB

BK,BB
ξ

· · ·






︸ ︷︷ ︸
Predictions

Jochen Heitger Non-perturbative HQET



Lattice QCD basics

Lattice QCD
‘Ab initio’ approach to determine phenomenologically relevant key parameters

LQCD [g0,mf] = −
1

2g2
0

Tr {FµνFµν} +
∑

f=u,d,s,...

ψf {γµ (∂µ + g0Aµ) +mf}ψf






Fπ
mπ
mK
mD
mB






︸ ︷︷ ︸
Experiment

LQCD [g0,mf]
=⇒






ΛQCD
Mu,Md
Ms
Mc
Mb






︸ ︷︷ ︸
QCD parameters (RGIs)

+






FD
FB

BK,BB
ξ

· · ·






︸ ︷︷ ︸
Predictions

LQCD [g0,mf]
=⇒ means formulation of QCD on a Euclidean lattice with:

Gauge invariance

Locality

Unitarity

Applicable for all scales
Technical issues/obstacles

◮ Continuum limit & Renormalization
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Lattice QCD basics

Lattice QCD
‘Ab initio’ approach to determine phenomenologically relevant key parameters

LQCD [g0,mf] = −
1

2g2
0

Tr {FµνFµν} +
∑

f=u,d,s,...

ψf {γµ (∂µ + g0Aµ) +mf}ψf





Fπ
mπ
mK
mD
mB





︸ ︷︷ ︸
Experiment

LQCD [g0,mf]
=⇒





ΛQCD
Mu,Md
Ms
Mc
Mb





︸ ︷︷ ︸
QCD parameters (RGIs)

+





FD
FB

BK,BB
ξ

· · ·





︸ ︷︷ ︸
Predictions

LQCD [g0,mf]
=⇒ means formulation of QCD on a Euclidean lattice with:

Gauge invariance

Locality

Unitarity

Applicable for all scales
Technical issues/obstacles

◮ Continuum limit & Renormalization
◮ Computing resources of > 1 TFlop/s
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Lattice QCD basics

Lattice QCD
‘Ab initio’ approach to determine phenomenologically relevant key parameters

LQCD [g0,mf] = −
1

2g2
0

Tr {FµνFµν} +
∑

f=u,d,s,...

ψf {γµ (∂µ + g0Aµ) +mf}ψf





Fπ
mπ
mK
mD
mB





︸ ︷︷ ︸
Experiment

LQCD [g0,mf]
=⇒





ΛQCD
Mu,Md
Ms
Mc
Mb





︸ ︷︷ ︸
QCD parameters (RGIs)

+





FD
FB

BK,BB
ξ

· · ·





︸ ︷︷ ︸
Predictions

LQCD [g0,mf]
=⇒ means formulation of QCD on a Euclidean lattice with:

Gauge invariance

Locality

Unitarity

Applicable for all scales
Technical issues/obstacles

◮ Continuum limit & Renormalization
◮ O(1/

√
tCPU) statistical errors
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Lattice QCD basics

s
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s
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s
s
s
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s
s
s
s

-�

6

?

- 6
�

?

6?

L

T

ψ(x)Uµ(x) = e iag0Aµ(x)

a

Lattice cutoff a−1 ∼ ΛUV

Finite volume L3 × T
Lattice action

S[U,ψ,ψ] = SG[U] + SF[U,ψ,ψ]

SG = 1
g2

0

∑

p

Tr {1 −U(p)}

SF = a4
∑

x

ψ(x)D[U]ψ(x)

EVs: represented as path integrals
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L

T

ψ(x)Uµ(x) = e iag0Aµ(x)

a

Lattice cutoff a−1 ∼ ΛUV

Finite volume L3 × T
Lattice action

S[U,ψ,ψ] = SG[U] + SF[U,ψ,ψ]

SG = 1
g2

0

∑

p

Tr {1 −U(p)}

SF = a4
∑

x

ψ(x)D[U]ψ(x)

EVs: represented as path integrals

Feynman path integral in quantum mechanics

〈B|e −Hτ|A〉 =
∫

D[x(t)] e −SE[x]

x(0) = A , x(t) = B
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L

T

ψ(x)Uµ(x) = e iag0Aµ(x)

a

Lattice cutoff a−1 ∼ ΛUV

Finite volume L3 × T
Lattice action

S[U,ψ,ψ] = SG[U] + SF[U,ψ,ψ]

SG = 1
g2

0

∑

p

Tr {1 −U(p)}

SF = a4
∑

x

ψ(x)D[U]ψ(x)

EVs: represented as path integrals

Z =

∫
D[U]D[ψ,ψ] e −S[U,ψ,ψ] =

∫
D[U]

∏
f det

(
D/ +mf

)
e −SG[U]

〈O〉 =
1
Z

∫ ∏
x,µdUµ(x)O

∏
f det

(
D/ +mf

)
e −SG[U] =̂ thermal average
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L

T

ψ(x)Uµ(x) = e iag0Aµ(x)

a

Lattice cutoff a−1 ∼ ΛUV

Finite volume L3 × T
Lattice action

S[U,ψ,ψ] = SG[U] + SF[U,ψ,ψ]

SG = 1
g2

0

∑

p

Tr {1 −U(p)}

SF = a4
∑

x

ψ(x)D[U]ψ(x)

EVs: represented as path integrals

Z =

∫
D[U]D[ψ,ψ] e −S[U,ψ,ψ] =

∫
D[U]

∏
f det

(
D/ +mf

)
e −SG[U]

〈O〉 =
1
Z

∫ ∏
x,µdUµ(x)O

∏
f det

(
D/ +mf

)
e −SG[U] =̂ thermal average

Stochastic evaluation with Monte Carlo methods

→ Observables 〈O〉 = 1
N

∑N
n=1On ± ∆O from numerical simulations
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

(1) Effects of dynamical fermions
Valence quark approximation (quenching):
det

(
D/ +mf

)
= 1

→ neglection of quark loops

Costs: ‘full’ QCD
quenched QCD & 100 − 1000

(A) Quenched QCD: quark loops neglected

(B) Full QCD
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

(1) Effects of dynamical fermions
Valence quark approximation (quenching):
det

(
D/ +mf

)
= 1

→ neglection of quark loops

Costs: ‘full’ QCD
quenched QCD & 100 − 1000

(A) Quenched QCD: quark loops neglected

(B) Full QCD

(2) Lattice artefacts cause discretization errors

〈O〉lattice
= 〈O〉continuum

+ O (ap)

removable by extrapolating to the continuum limit: a→ 0
accelerated convergence for p ′ > p → O(ap) improvement
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

Multiple scale problems −→ always difficult for a numerical treatment
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

Multiple scale problems −→ always difficult for a numerical treatment

(3) Quark mass restrictions

a ≪ m−1
q ≪ L

→ Extrapolations to mu,d and mb , guided by ChPT and HQET
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

Multiple scale problems −→ always difficult for a numerical treatment

(3) Quark mass restrictions

a ≪ m−1
q ≪ L

→ Extrapolations to mu,d and mb , guided by ChPT and HQET

(4) Energy range restrictions

L/a < 32
L & 1.5 fm

}
⇒ a & 0.05 fm ⇒ µ < a−1 . 4 GeV
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Lattice QCD basics

Insert: The QCD Schrödinger Functional
Definition [ Lüscher et al., 1992; Sint, 1994 ]

C

time

space

T

0

C’
SF≡QCD partition function on a Euclidean T×L3 cylinder

∫
T×L3 D[U,ψ,ψ] e −S[U,ψ,ψ] = e −Γ

Gauge & quark fields satisfy Dirichlet BCs in time
and are periodic in space, e.g.
U(x, k)|x0=0 = eaCk(x) U(x, k)|x0=T = eaC′

k(x)

Finite-volume scheme to solve scale dependent
renormalization problems non-perturbatively

Jochen Heitger Non-perturbative HQET



Lattice QCD basics

Insert: The QCD Schrödinger Functional
Definition [ Lüscher et al., 1992; Sint, 1994 ]

C

time

space

T

0

C’
SF≡QCD partition function on a Euclidean T×L3 cylinder

∫
T×L3 D[U,ψ,ψ] e −S[U,ψ,ψ] = e −Γ

Gauge & quark fields satisfy Dirichlet BCs in time
and are periodic in space, e.g.
U(x, k)|x0=0 = eaCk(x) U(x, k)|x0=T = eaC′

k(x)

Finite-volume scheme to solve scale dependent
renormalization problems non-perturbatively

Fermionic correlation functions [ LPHAA
Collaboration ∋ H., 1996-1999 ]

PSfrag repla
ements T
x0=T

x0=0 C

C 0

L�L�L

P;A0
fX(x0) ∝

〈 ∑

y,z

X(x) ζ̄(y)γ5ζ(z)
〉

, X = Aµ , P

Aµ = ψiγµγ5ψj : axial current , P = ψiγ5ψj : pseudoscalar density

f1 ∝
〈 ∑

u,v,y,z

ζ̄ ′
i(u)γ5ζ

′
j(v) ζ̄j(y)γ5ζi(z)

〉
, ζ, ζ : boundary quarks

⇒ Large-V hadron physics, e.g. 0≪ x0 ≪ T : fA/
√
f1 ≈ 〈0|A|PS〉 e −(x0− T

2 )mPS
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HQET — An asymptotic expansion of QCD

Heavy Quark Effective Theory (HQET)
— An asymptotic expansion of QCD
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HQET — An asymptotic expansion of QCD

The concept of effective field theories
◮ Philosophy:

Account for the important aspects of the ‘full theory’ while ignoring the
irrelevant ones

◮ In particle physics:
Since effects of a very heavy particle become irrelevant at low energy,
it is useful to construct some low-energy effective theory where it no
longer appears and which is easier to deal with
→ e.g. Fermi’s theory of weak interactions

◮ Limitation:
With increasing E, the structure of intermediate particles and their
interactions (e.g. W– & Z–bosons) is more and more resolved so that
the effective description is no longer adequate
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The concept of effective field theories
◮ Philosophy:

Account for the important aspects of the ‘full theory’ while ignoring the
irrelevant ones

◮ In particle physics:
Since effects of a very heavy particle become irrelevant at low energy,
it is useful to construct some low-energy effective theory where it no
longer appears and which is easier to deal with
→ e.g. Fermi’s theory of weak interactions

◮ Limitation:
With increasing E, the structure of intermediate particles and their
interactions (e.g. W– & Z–bosons) is more and more resolved so that
the effective description is no longer adequate

◮ Technically:
DOFs of heavy fields are integrated out in the generating functional of
the Green functions of the theory
→ non-local effective action Seff , rewritten as series of local terms (OPE)
→ disentangle physics at long distances (i.e. low E), where Seff correctly

reproduces the full theory, from that at short distances (i.e. high E)
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HQET — An asymptotic expansion of QCD

HQET ...
... is constructed to provide a simplified description of processes, in which
a heavy quark ( Q ) strongly interacts with light DOFs by exchange of soft
gluons that can only resolve distances≫ 1/mQ

mQ ≫ ΛQCD = high-energy scale

ΛQCD ∼ 1/Rhad = low-energy scale of hadronic physics of interest

Lagrangian = systematic expansion in powers of ΛQCD/mQ
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HQET — An asymptotic expansion of QCD

HQET ...
... is constructed to provide a simplified description of processes, in which
a heavy quark ( Q ) strongly interacts with light DOFs by exchange of soft
gluons that can only resolve distances≫ 1/mQ

mQ ≫ ΛQCD = high-energy scale

ΛQCD ∼ 1/Rhad = low-energy scale of hadronic physics of interest

Lagrangian = systematic expansion in powers of ΛQCD/mQ

◮ λQ ∼ 1/mQ ≪ Rhad ∼ 1 fm:
mQ gets unimportant for low–E properties of heavy-light bound states
→ light DOFs are blind to flavour & spin of Q and only experience its

colour field extending over large distances because of confinement
→ heavy quark symmetry: effective theory invariant under changes of

flavour, resp. mass, and spin orientation of Q
(leading symmetry breaking corrections through O(1/mQ) terms)
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HQET ...
... is constructed to provide a simplified description of processes, in which
a heavy quark ( Q ) strongly interacts with light DOFs by exchange of soft
gluons that can only resolve distances≫ 1/mQ

mQ ≫ ΛQCD = high-energy scale

ΛQCD ∼ 1/Rhad = low-energy scale of hadronic physics of interest

Lagrangian = systematic expansion in powers of ΛQCD/mQ

◮ λQ ∼ 1/mQ ≪ Rhad ∼ 1 fm:
mQ gets unimportant for low–E properties of heavy-light bound states
→ light DOFs are blind to flavour & spin of Q and only experience its

colour field extending over large distances because of confinement
→ heavy quark symmetry: effective theory invariant under changes of

flavour, resp. mass, and spin orientation of Q
(leading symmetry breaking corrections through O(1/mQ) terms)

◮ Heavy quark symmetry is ‘complementary’ to chiral symmetry:
Latter arises in the opposite, small quark mass limit, mq ≪ ΛQCD,
and symmetry breaking corrections are analyzed by χPT
(Different realization: χ–symmetry for LQCD ←→ HQ-symmetry for L eff )
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HQET — An asymptotic expansion of QCD

Physical picture

q̄, g
Q

m−1
Q

a

L

Λ−1
QCD

P
µ
Q = mQv

µ + kµ

v2 = 1
residual momentum:

k ∼ O(ΛQCD)≪ mQv

Momentum scales in heavy-light (Qq) mesons

Q almost at rest at bound state’s center,
surrounded by the light DOFs

Motion of the heavy quark is suppressed
by ΛQCD/mQ

(approx.) heavy quark spin-symmetry
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HQET — An asymptotic expansion of QCD

Physical picture

q̄, g
Q

m−1
Q

a

L

Λ−1
QCD

P
µ
Q = mQv

µ + kµ

v2 = 1
residual momentum:

k ∼ O(ΛQCD)≪ mQv

Momentum scales in heavy-light (Qq) mesons

Q almost at rest at bound state’s center,
surrounded by the light DOFs

Motion of the heavy quark is suppressed
by ΛQCD/mQ

(approx.) heavy quark spin-symmetry

Formally, in case of the B-system:
LHQET = 1/mb–expansion of continuum QCD

ψb {γµDµ +mb}ψb → Lstat + O(1/mb)

Lstat(x) = ψh(x) {D0 +mb}ψh(x)

P+ψh = ψh, P+ = 1
2 (1+γ0) ⇒ 2 d.o.f.

Systematic & accurate for mh/ΛQCD ≫ 1
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Insert: Derivation of the HQET Lagrangian

Start from the Euclidean Dirac-Lagrangian in the continuum

L = ψ(Dµγµ +m)ψ = ψ†Dψ

D ≡ mγ0 +D0 + γ0Dkγk

At the classical level:
One can assume smooth fields and thus can perform an expansion in Dµ,
counting Dµ = O([ 1/m ]0)
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HQET — An asymptotic expansion of QCD

Insert: Derivation of the HQET Lagrangian

Start from the Euclidean Dirac-Lagrangian in the continuum

L = ψ(Dµγµ +m)ψ = ψ†Dψ

D ≡ mγ0 +D0 + γ0Dkγk

At the classical level:
One can assume smooth fields and thus can perform an expansion in Dµ,
counting Dµ = O([ 1/m ]0)

Kinematical situation
Dynamics of a hadron at rest containing one heavy quark
m = ∞: heavy quark propagates only in time

⇒ D0/m = O (1) Dk/m = O (ǫ)

when the derivatives act on heavy fields — ‘power counting scheme’
( O(ǫ) ∼ O(1/m) ; in the quantum theory: ǫ = ΛQCD/m )
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HQET — An asymptotic expansion of QCD

Insert: Derivation of the HQET Lagrangian

Start from the Euclidean Dirac-Lagrangian in the continuum

L = ψ(Dµγµ +m)ψ = ψ†Dψ

D ≡ mγ0 +D0 + γ0Dkγk

Kinematical situation
Dynamics of a hadron at rest containing one heavy quark
m = ∞: heavy quark propagates only in time

⇒ D0/m = O (1) Dk/m = O (ǫ)

when the derivatives act on heavy fields — ‘power counting scheme’
( O(ǫ) ∼ O(1/m) ; in the quantum theory: ǫ = ΛQCD/m )
At lowest order, the ‘large components’ (anti-)quark field propagates
forward (backward) in time:

P+ψh = ψh ψhP+ = ψh P± =
1± γ0

2
P−ψh̄ = ψh̄ ψh̄P− = ψh̄
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Quark and anti-quark fields are connected by the O(1/m) terms in L

L = Lstat
h + Lstat

h̄ + O (1/m)

Lstat
h = ψh(D0 +m)ψh Lstat

h̄ = ψh̄(−D0 +m)ψh̄

but they can be decoupled through a field rotation (Foldy-Wouthuysen
transformation):

ψ → φ = eSψ ψ† → φ† = ψ†e−S

⇒ L = φ†D′φ

with D′ = eSDe−S , S ≡ 1
2m

Dkγk = −S† = O (1/m)

( Recall that D = O(m) and that in this way the Dkγk– term is rotated away )
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ψ → φ = eSψ ψ† → φ† = ψ†e−S

⇒ L = φ†D′φ

with D′ = eSDe−S , S ≡ 1
2m

Dkγk = −S† = O (1/m)

Explicitly:

D′ = D +
1

2m
[Dkγk, D ] +

1
8m2 [Dlγl, [Dkγk, D] ] + O

(
1/m2)

= D +
1

2m
[Dkγk, D ] −

1
4m

[Dlγl,γ0Dkγk ] + O
(
1/m2)

= γ0

{
γ0D0 +m +

1
2m

(
−DkDk −

1
2i
Fklσkl

)
+

1
2m

Fk0γ0γk

}

+O
(
1/m2)

L = Lstat
h + Lstat

h̄ +
1

2m

{
L

(1)
h + L

(1)
h̄ + L

(1)
hh̄

}
+ O

(
1/m2)
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D′ = D +
1

2m
[Dkγk, D ] +

1
8m2 [Dlγl, [Dkγk, D] ] + O

(
1/m2)

= D +
1

2m
[Dkγk, D ] −

1
4m

[Dlγl,γ0Dkγk ] + O
(
1/m2)

= γ0

{
γ0D0 +m +

1
2m

(
−DkDk −

1
2i
Fklσkl

)
+

1
2m

Fk0γ0γk

}

+O
(
1/m2)

L = Lstat
h + Lstat

h̄ +
1

2m

{
L

(1)
h + L

(1)
h̄ + L

(1)
hh̄

}
+ O

(
1/m2)

with

L
(1)
h = ψh

(
−DkDk −

1
2i
Fkl σkl

)
ψh

= −
1

2m
ψh

(
D2 + σ · B

)
ψh ≡ −

1
2m

(Okin + Ospin)

σµν = i
2 [γµ,γν ] Fkl = [Dk,Dl ]
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HQET — An asymptotic expansion of QCD

Only double insertions of L
(1)
hh̄ contribute for heavy-light hadrons

⇒ O(1/m2) and may be dropped in L here

L ≡ Leff = low-energy effective Lagrangian
describes long wave length modes of the fields accurately and has
truncation errors of increasing relevance for shorter wave lengths
removal of the mass terms
⇔ energy shift by m of all states containing a single heavy quark
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HQET — An asymptotic expansion of QCD

Only double insertions of L
(1)
hh̄ contribute for heavy-light hadrons

⇒ O(1/m2) and may be dropped in L here

L ≡ Leff = low-energy effective Lagrangian
describes long wave length modes of the fields accurately and has
truncation errors of increasing relevance for shorter wave lengths
removal of the mass terms
⇔ energy shift by m of all states containing a single heavy quark

Quantum fluctuations:
are not smooth, but rather than modifying the structure of Leff , the
coefficients of the various terms receive non-trivial renormalizations
due to these short-distance fluctuations
long-wavelength terms
⇔ local interaction terms, renormalized as in (effective) local QFT
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Only double insertions of L
(1)
hh̄ contribute for heavy-light hadrons

⇒ O(1/m2) and may be dropped in L here

L ≡ Leff = low-energy effective Lagrangian
describes long wave length modes of the fields accurately and has
truncation errors of increasing relevance for shorter wave lengths
removal of the mass terms
⇔ energy shift by m of all states containing a single heavy quark

Quantum fluctuations:
are not smooth, but rather than modifying the structure of Leff , the
coefficients of the various terms receive non-trivial renormalizations
due to these short-distance fluctuations
long-wavelength terms
⇔ local interaction terms, renormalized as in (effective) local QFT

Therefore:
Prefactors of the various operators to be determined by a non-trivial
( — ideally non-perturbative — ) matching of HQET to QCD in the
quantum theory
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The effective quantum field theory

Lstat
h contains local fields of a mass dimension d 6 4
⇒ power-counting renormalizable, counterterms restricted by symmetries
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The effective quantum field theory

Lstat
h contains local fields of a mass dimension d 6 4
⇒ power-counting renormalizable, counterterms restricted by symmetries

Symmetries of the static theory:
◮ heavy quark spin-symmetry
◮ local conservation of heavy quark flavour number
◮ gauge invariance, parity & cubic symmetry

⇒ Only one invariant counterterm that is ∝ ψhψh:

Lstat
h = ψh(D0 + δm)ψh (continuum) quantum Lagrangian

Jochen Heitger Non-perturbative HQET
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The effective quantum field theory

Lstat
h contains local fields of a mass dimension d 6 4
⇒ power-counting renormalizable, counterterms restricted by symmetries

Symmetries of the static theory:
◮ heavy quark spin-symmetry
◮ local conservation of heavy quark flavour number
◮ gauge invariance, parity & cubic symmetry

⇒ Only one invariant counterterm that is ∝ ψhψh:

Lstat
h = ψh(D0 + δm)ψh (continuum) quantum Lagrangian

Lattice formulation
Straightforward discretization prescriptions

D0 → ∇∗0 : backward lattice derivative , DkDk → ∇∗k∇k , Fkl → F̂ij
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The effective quantum field theory

Lattice formulation

Static quark lattice action

Sh[W,ψh,ψh] = a4 1
1 + aδm

∑

x

ψh(x) (∇∗0 + δm)ψh(x)

∇∗0ψh(x) = 1
a

[
ψh(x) −W†(x − a0̂, 0)ψh(x− a0̂)

]

W(x, 0) = U(x, 0) : Eichten-Hill action, but more clever choices for
parallel transporters are possible [ LPHAA

Collaboration , 2004 & 2005 ]

Static quarks propagate only forward in time

⇒ △h(x,y) = W(x− a0̂, 0)−1W(x− 2a0̂, 0)−1 · · · W(y, 0)−1

× θ(x0 − y0)δ(x − y)(1 + aδm)−(x0−y0)/a P+

( timelike Wilson line, δm cancels divergence in the static quark self-energy )
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The effective quantum field theory

Lattice formulation

Static quark lattice action

Sh[W,ψh,ψh] = a4 1
1 + aδm

∑

x

ψh(x) (∇∗0 + δm)ψh(x)

∇∗0ψh(x) = 1
a

[
ψh(x) −W†(x − a0̂, 0)ψh(x− a0̂)

]

W(x, 0) = U(x, 0) : Eichten-Hill action, but more clever choices for
parallel transporters are possible [ LPHAA

Collaboration , 2004 & 2005 ]

O(a) improvement:
Preserving on the lattice the above symmetries of the static theory
guarantees that both universality class and O(a) improvement are
unchanged w.r.t. the static action, i.e. the static-light action is already
improved if the light quark sector is [ Kurth & Sommer, 2001 ]
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The effective quantum field theory

Lattice formulation

Static quark lattice action

Sh[W,ψh,ψh] = a4 1
1 + aδm

∑

x

ψh(x) (∇∗0 + δm)ψh(x)

∇∗0ψh(x) = 1
a

[
ψh(x) −W†(x − a0̂, 0)ψh(x− a0̂)

]

W(x, 0) = U(x, 0) : Eichten-Hill action, but more clever choices for
parallel transporters are possible [ LPHAA

Collaboration , 2004 & 2005 ]

O(a) improvement:
Preserving on the lattice the above symmetries of the static theory
guarantees that both universality class and O(a) improvement are
unchanged w.r.t. the static action, i.e. the static-light action is already
improved if the light quark sector is [ Kurth & Sommer, 2001 ]

Renormalization:
energy shift δm included but δm ∝ 1/a for dimensional reasons (!)
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Composite fields involving b-quarks also translate to the effective theory:

A0(x) = ψl(x)γ0γ5ψb(x) −→ Astat
0 = ψl(x)γ0γ5ψh(x)

t tA0 A0 : Correlation function of the axial current

∫
d3x

〈
A0(x)A

†
0(0)

〉

QCD

x0≫1/Mb
∼ [CPS (Mb/Λ)]

2
∫

d3x
〈
Astat

0 (x)
(
Astat

0
)†

(0)
〉

stat

+ O (1/Mb) Λ ≡ ΛQCD
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Composite fields involving b-quarks also translate to the effective theory:

A0(x) = ψl(x)γ0γ5ψb(x) −→ Astat
0 = ψl(x)γ0γ5ψh(x)

t tA0 A0 : Correlation function of the axial current

∫
d3x

〈
A0(x)A

†
0(0)

〉

QCD

x0≫1/Mb
∼ [CPS (Mb/Λ)]

2
∫

d3x
〈
Astat

0 (x)
(
Astat

0
)†

(0)
〉

stat

+ O (1/Mb) Λ ≡ ΛQCD

Generic structure of the HQET-expansion of QCD matrix elements

Φ = 〈B |A0 | 0 〉 : ΦQCD ≡ FB
√
mB = CPS (Mb/Λ)︸ ︷︷ ︸×Φ

stat
RGI︸ ︷︷ ︸ + O (1/Mb)

conversion function
⇐ renormalization

RGI matrix element
in effective theory

In HQET: Absence of chiral symmetry as it is met in (massless) QCD
implies a scale dependence Φstat(µ) ≡ Zstat

A (µ)〈B |Astat
0 | 0 〉

Mb = scale & scheme independent (RG-invariant) quark mass
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Evaluation of the conversion function for the axial current:

ΦQCD = CPS(Mb/Λ)×ΦRGI + O(1/Mb) (⋆)

!
= Cmatch(mb/µ)×ΦMS(µ) + O(1/mb)

⇒ CPS (Mb/Λ) = Cmatch(1)× ΦMS(µ)

ΦRGI
ḡ = ḡMS , Λ = ΛMS

=
[
2b0ḡ

2(mb)
]γ0/(2b0) exp

{∫ ḡ(mb)

0
dg

[
γmatch(g)

β(g)
−
γ0

b0g

]}
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Evaluation of the conversion function for the axial current:

ΦQCD = CPS(Mb/Λ)×ΦRGI + O(1/Mb) (⋆)

!
= Cmatch(mb/µ)×ΦMS(µ) + O(1/mb)

⇒ CPS (Mb/Λ) = Cmatch(1)× ΦMS(µ)

ΦRGI
ḡ = ḡMS , Λ = ΛMS

=
[
2b0ḡ

2(mb)
]γ0/(2b0) exp

{∫ ḡ(mb)

0
dg

[
γmatch(g)

β(g)
−
γ0

b0g

]}

CPS perturbatively under control [ 3-loop AD by Chetyrkin & Grozin, 2003 ]

uncertainty for M > Mcharm:

. 2% = 0.5 · (3-loop − 2-loop)

Anomalous dimension in the matching
scheme: γmatch(ḡ) = γMS(ḡ) + ρ(ḡ)

(with a contribution ρ(ḡ) from Cmatch)

Advantage of ratio of RGIs M/Λ :
This can be fixed in lattice calculations
without perturbative errors

CPS defined non-perturbatively via (⋆)
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Non-perturbative tests of HQET
[ H., Jüttner, Sommer & Wennekers, JHEP 0411(2004)048 ]Work in finite volume

such that amb ≪ 1 to take lim
a→0

ΦQCD: L ≈ 0.2 fm, a = (0.006 − 0.02) fm

Boundary conditions:
Dirichlet in time, periodic in space
→ Correlation functions fA(x0) = f1 =

0

LxLxL

x

x0

0

= T

= 0

LxLxL

x

x0

0

= T

=
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Non-perturbative tests of HQET
[ H., Jüttner, Sommer & Wennekers, JHEP 0411(2004)048 ]Work in finite volume

such that amb ≪ 1 to take lim
a→0

ΦQCD: L ≈ 0.2 fm, a = (0.006 − 0.02) fm

Boundary conditions:
Dirichlet in time, periodic in space
→ Correlation functions fA(x0) = f1 =

0

LxLxL

x

x0

0

= T

= 0

LxLxL

x

x0

0

= T

=

Observable: YPS(L,M) ≡ ZA
fA(T/2)√

f1
, T = L
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Non-perturbative tests of HQET
[ H., Jüttner, Sommer & Wennekers, JHEP 0411(2004)048 ]Work in finite volume

such that amb ≪ 1 to take lim
a→0

ΦQCD: L ≈ 0.2 fm, a = (0.006 − 0.02) fm

Boundary conditions:
Dirichlet in time, periodic in space
→ Correlation functions fA(x0) = f1 =

0

LxLxL

x

x0

0

= T

= 0

LxLxL

x

x0

0

= T

=

Observable: YPS(L,M) ≡ ZA
fA(T/2)√

f1
, T = L

Typical result in the quenched approximation

HQET is applicable as long as 1/L≪M

Expect large-mass asymptotics (z = ML)

YPS(L,M)
M→∞

∼ CPS(M/Λ)XRGI(L) + O(1/z)

Agrees with HQET prediction for 1/z→ 0
Compatibility with 1/z– corrections
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Non-perturbative formulation of
Heavy Quark Effective Theory
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Non-perturbative formulation of HQET
H. & Sommer, JHEP0402(2004)022Beyond the static approximation

SHQET = a4
∑

x

{
Lstat(x) +

n∑

ν=1

L(ν)(x)
}

, L(ν)(x) =
∑

i

ω
(ν)
i L

(ν)
i (x)

Lstat = ψh [∇∗0 + δm ]ψh → Eichten-Hill action

L
(1)
1 = ψh

(
− 1

2 σ · B
)
ψh ≡ Ospin →

{
chromomagnetic interaction
with the gluon field

L
(1)
2 = ψh

(
− 1

2 D2
)
ψh ≡ Okin →

{
kinetic energy from heavy
quark’s residual motion
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Non-perturbative formulation of HQET
H. & Sommer, JHEP0402(2004)022Beyond the static approximation

SHQET = a4
∑

x

{
Lstat(x) +

n∑

ν=1

L(ν)(x)
}

, L(ν)(x) =
∑

i

ω
(ν)
i L

(ν)
i (x)

Lstat = ψh [∇∗0 + δm ]ψh → Eichten-Hill action

L
(1)
1 = ψh

(
− 1

2 σ · B
)
ψh ≡ Ospin →

{
chromomagnetic interaction
with the gluon field

L
(1)
2 = ψh

(
− 1

2 D2
)
ψh ≡ Okin →

{
kinetic energy from heavy
quark’s residual motion

Effective theory regularized on a space-time lattice
δm,ω = ω(g0,m) to be determined such that HQET matches QCD
At classical level: ωspin = ωkin = 1/m+ O(g2

0) , δm = 0 + O(g2
0)
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Non-perturbative formulation of HQET
H. & Sommer, JHEP0402(2004)022Beyond the static approximation

SHQET = a4
∑

x

{
Lstat(x) +

n∑

ν=1

L(ν)(x)
}

, L(ν)(x) =
∑

i

ω
(ν)
i L

(ν)
i (x)

Lstat = ψh [∇∗0 + δm ]ψh → Eichten-Hill action

L
(1)
1 = ψh

(
− 1

2 σ · B
)
ψh ≡ Ospin →

{
chromomagnetic interaction
with the gluon field

L
(1)
2 = ψh

(
− 1

2 D2
)
ψh ≡ Okin →

{
kinetic energy from heavy
quark’s residual motion

Effective theory regularized on a space-time lattice
δm,ω = ω(g0,m) to be determined such that HQET matches QCD
At classical level: ωspin = ωkin = 1/m+ O(g2

0) , δm = 0 + O(g2
0)

Analogously: Composite fields in the effective theory, e.g.

AHQET
0 (x) = ZHQET

A︸ ︷︷ ︸
1+O(g2

0)

ψl(x)γ0γ5ψh(x)︸ ︷︷ ︸
Astat

0 (x)

+ cHQET
A︸ ︷︷ ︸

∝ 1/m

ψl(x)γjγ5
←−
Djψh(x) + . . .
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Expectation values
Path integral representation at the quantum level

〈O〉 =
1
Z

∫
D[ϕ]O[ϕ] e−(Srel+SHQET) Z =

∫
D[ϕ] e−(Srel+SHQET)

Now the integrand is expanded in a power series in 1/m

exp {−SHQET} =

exp
{
−a4∑

xLstat(x)
} {

1 − a4∑
xL

(1)(x) + 1
2

[
a4∑

xL
(1)(x)

]2
− a4∑

xL
(2)(x) + . . .

}

⇒ 〈O〉 =
1
Z

∫
D[ϕ] e−Srel−a4 ∑

xLstat(x)O
{

1 − a4∑
xL

(1)(x) + . . .
}

Jochen Heitger Non-perturbative HQET



Non-perturbative HQET

Expectation values
Path integral representation at the quantum level

〈O〉 =
1
Z

∫
D[ϕ]O[ϕ] e−(Srel+SHQET) Z =

∫
D[ϕ] e−(Srel+SHQET)

Now the integrand is expanded in a power series in 1/m
exp {−SHQET} =

exp
{
−a4∑

xLstat(x)
} {

1 − a4∑
xL

(1)(x) + 1
2

[
a4∑

xL
(1)(x)

]2
− a4∑

xL
(2)(x) + . . .

}

⇒ 〈O〉 =
1
Z

∫
D[ϕ] e−Srel−a4 ∑

xLstat(x)O
{

1 − a4∑
xL

(1)(x) + . . .
}

Important (but not automatic) implications of this definition of HQET

1/m – terms appear only as insertions of local operators
⇒ Power counting: Renormalizability at any given order in 1/m
⇔ Existence of the continuum limit with universality

Effective theory = Continuum asymptotic expansion in 1/m
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Non-perturbative HQET

Expectation values
Path integral representation at the quantum level

〈O〉 =
1
Z

∫
D[ϕ]O[ϕ] e−(Srel+SHQET) Z =

∫
D[ϕ] e−(Srel+SHQET)

Now the integrand is expanded in a power series in 1/m
exp {−SHQET} =

exp
{
−a4∑

xLstat(x)
} {

1 − a4∑
xL

(1)(x) + 1
2

[
a4∑

xL
(1)(x)

]2
− a4∑

xL
(2)(x) + . . .

}

⇒ 〈O〉 =
1
Z

∫
D[ϕ] e−Srel−a4 ∑

xLstat(x)O
{

1 − a4∑
xL

(1)(x) + . . .
}

Explicitly:

〈O〉 = 〈O〉stat +ωkina
4

∑

x

〈OOkin(x)〉stat +ωspina
4

∑

x

〈OOspin(x)〉stat

≡ 〈O〉stat +ωkin〈O〉kin +ωspin〈O〉spin

〈O〉stat =
1
Z

∫

fields
O exp

{
− a4

∑

x

[
Llight(x) + Lstat

h (x)
] }
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Non-perturbative HQET

Renormalization
We assume massless quarks except the b and no 1/m– term in O

(fA)R (Mb/Λ, x0Λ) =

ZHQET
A e −mbarex0

〈
Astat

0 (x)O
[

1 +ωkin
∑
yOkin(y) +ωspin

∑
yOspin(y)

]〉

stat

+ cHQET
A

〈
δAstat

0 O
〉

stat =

ZHQET
A e −mbarex0

{
fstat

A +ωkinf
kin
A +ωspinf

spin
A + cHQET

A fstat
δA

}

0

LxLxL

x

x0

0

= T

=⇒ Effective theory receives renormalizations in

mbare = mb + δm ZHQET
A cHQET

A ωkin ωspin
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Non-perturbative HQET

Renormalization
We assume massless quarks except the b and no 1/m– term in O

(fA)R (Mb/Λ, x0Λ) =

ZHQET
A e −mbarex0

〈
Astat

0 (x)O
[

1 +ωkin
∑
yOkin(y) +ωspin

∑
yOspin(y)

]〉

stat

+ cHQET
A

〈
δAstat

0 O
〉

stat =

ZHQET
A e −mbarex0

{
fstat

A +ωkinf
kin
A +ωspinf

spin
A + cHQET

A fstat
δA

}

0

LxLxL

x

x0

0

= T

=⇒ Effective theory receives renormalizations in

mbare = mb + δm ZHQET
A cHQET

A ωkin ωspin

The Problem: Power-law divergences due to operator mixing

OR
d=5 = ZO

{
Od=5 +

∑
k ckOk

d=4}
, ck = a−1 {

c
(0)
k + c

(1)
k g2

0 + . . .
}

⇒ for a→ 0 divergent remainder, if ck are only perturbatively calculated

Example at the static level:
Linearly divergent counterterm δm ∝ 1/a originates from mixing of ψhD0ψh with ψhψh

⇒ Non-pert. renormalization of HQET needed to have a continuum limit
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Non-perturbative HQET

Renormalization
We assume massless quarks except the b and no 1/m– term in O

(fA)R (Mb/Λ, x0Λ) =

ZHQET
A e −mbarex0

〈
Astat

0 (x)O
[

1 +ωkin
∑
yOkin(y) +ωspin

∑
yOspin(y)

]〉

stat

+ cHQET
A

〈
δAstat

0 O
〉

stat =

ZHQET
A e −mbarex0

{
fstat

A +ωkinf
kin
A +ωspinf

spin
A + cHQET

A fstat
δA

}

0

LxLxL

x

x0

0

= T

=⇒ Effective theory receives renormalizations in

mbare = mb + δm ZHQET
A cHQET

A ωkin ωspin

Another example at the 1/m level

(Okin)R = Zkin

{
Okin +

c1

a
ψhD0ψh +

c2

a2 ψhψh

}

Eqs. of motion → D0ψh = 0 c2/a
2 absorbed in mbare

Similarly: A 1/m – correction is in cHQET
A ∼ 1/mb , (δAstat

0 )R = ZδA
{
δAstat

0 + d1
a
Astat

0
}

⇒ Non-perturbative ci,di are required for the continuum limit to exist
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Non-perturbative HQET

Solution: Non-perturbative matching of HQET and QCD
H. & Sommer, JHEP0402(2004)022Effective theory approximates QCD,

if the coefficients {ck} are chosen correctly such that

ΦHQET(M) = ΦQCD(M) + O
(
1/[ r0M ]n+1)

M = RG-invariant (heavy) quark mass
(free of renormalization scheme dependence)
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Non-perturbative HQET

Solution: Non-perturbative matching of HQET and QCD
H. & Sommer, JHEP0402(2004)022Effective theory approximates QCD,

if the coefficients {ck} are chosen correctly such that

ΦHQET(M) = ΦQCD(M) + O
(
1/[ r0M ]n+1)

M = RG-invariant (heavy) quark mass
(free of renormalization scheme dependence)

Strategy to guarantee this equivalence of HQET and QCD

Fix the coefficients of regularized HQET by imposing matching conditions
�

�

�

�
ΦHQET
k (M) = ΦQCD

k (M) k = 1, . . . ,NHQET (⋆)

(⋆) determines the set {ck} for any lattice spacing (bare coupling)

ΦQCD
k = Renormalized quantities, computable for a→ 0 in QCD
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Non-perturbative HQET

Solution: Non-perturbative matching of HQET and QCD
H. & Sommer, JHEP0402(2004)022Effective theory approximates QCD,

if the coefficients {ck} are chosen correctly such that

ΦHQET(M) = ΦQCD(M) + O
(
1/[ r0M ]n+1)

M = RG-invariant (heavy) quark mass
(free of renormalization scheme dependence)

Strategy to guarantee this equivalence of HQET and QCD

Fix the coefficients of regularized HQET by imposing matching conditions
�

�

�

�
ΦHQET
k (M) = ΦQCD

k (M) k = 1, . . . ,NHQET (⋆)

(⋆) determines the set {ck} for any lattice spacing (bare coupling)

ΦQCD
k = Renormalized quantities, computable for a→ 0 in QCD

Question

How to treat the heavy quark as particle with finite mass on the lattice ?
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD

Objection: Requires to simulate the b-quark as a relativistic particle
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD

Objection: Requires to simulate the b-quark as a relativistic particle

⇒ Trick: Start with QCD in small volume V = L4, L ≡ L0 ≃ 0.2 fm
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD
Objection: Requires to simulate the b-quark as a relativistic particle
⇒ Trick: Start with QCD in small volume V = L4, L ≡ L0 ≃ 0.2 fm

QCD

1/mb ≫ a

Matching conditions

ΦQCD
k = ΦHQET

k

for observablesΦk
(e.g. matrix elements)

HQET

1/mb ≪ L

◮ HQET parameters fixed by relating them to QCD observables in small V

◮ Legitimate: Underlying Lagrangian does not know about the finite V !
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Non-perturbative HQET

Connecting small and large volumes

(⋆) in finite V : ΦHQET
k (L,M) = ΦQCD

k (L,M) k = 1, . . . ,NHQET

Typical choice: L = L0 ≃ 0.2 − 0.4 fm, very small lattice spacings
Large volumes required to extract physical observables (e.g. mB, FBs )
→ How can we bridge the gap to practicable lattice spacings ?
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Non-perturbative HQET

Connecting small and large volumes

(⋆) in finite V : ΦHQET
k (L,M) = ΦQCD

k (L,M) k = 1, . . . ,NHQET

Typical choice: L = L0 ≃ 0.2 − 0.4 fm, very small lattice spacings
Large volumes required to extract physical observables (e.g. mB, FBs )
→ How can we bridge the gap to practicable lattice spacings ?

Recursive finite-size scaling

p p p pp p p pp p p p
p p p p

-



�

ΦHQET(L0)

p p p pp p p pp p p p

p p p p

-








�

ΦHQET(8L0)

p p p p
p p p p
p p p p

p p p p

-

p p p p p p pp p p p p p pp p p p p p pp p p p p p pp p p p p p pp p p p p p p

p p p p p p p

p p p p p p pp p p p p p pp p p p p p pp p p p p p pp p p p p p pp p p p p p p

p p p p p p p

p p p p p p p
p p p p p p p
p p p p p p p
p p p p p p p
p p p p p p p
p p p p p p p

p p p p p p p

[ Lüscher, Weisz & Wolff, 1991; LPHAA
Collaboration , 1993-2005 ]

Non-perturbative, continuum limit exists

Use of the QCD Schrödinger Functional

Change L→ 2L via step scaling functions

ΦHQET
k (2L) = σk

({
ΦHQET
j (L), j = 1, . . . ,N

})

→ Large V , where the B fits comfortably

⇒ First fully non-perturbative formulation of HQET, including matching
Jochen Heitger Non-perturbative HQET



Applications

Applications

◮ The b-quark’s mass

◮ The Bs-meson decay constant

Jochen Heitger Non-perturbative HQET



Applications Mb

Computation of Mb in lowest-order of HQET
H. & Sommer, JHEP0402(2004)022

H. & Wennekers, JHEP0402(2004)064Introduce L– dependent energies
from correlators in the B-channel (and with SF boundary conditions):

Γ(L,M)

Γstat(L)

}
=

{
B-meson mass in a finite volume of extent L4

energy of a state with B-meson quantum numbers in L4

C(x0,M) :

x0 = 0

ζl2

ζl1

x0 = L

A0 → Γ(L,M) ≡ −
d

dx0
ln [C(x0,M)]

∣∣∣
x0= L

2

Cstat(x0) :

x0 = 0

ζh

ζl

x0 = L

Astat
0 → Γstat(L) ≡ −

d
dx0

ln [Cstat(x0)]
∣∣∣
x0= L

2
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Applications Mb

⇒ Matching condition by equating in small volume with linear extent L0 :

Γstat(L0) +mbare = Γ(L0,Mb) [ Recall: mbare = m+ 1
a

ln(1 + a δm) ]

As C(x0)
x0→∞

∼ e−mBx0 and Cstat(x0)
x0→∞

∼ e−Estatx0 in the large –L
limit, we have to connect this condition (by finite-size scaling) to

Estat +mbare = mB
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Applications Mb

⇒ Matching condition by equating in small volume with linear extent L0 :

Γstat(L0) +mbare = Γ(L0,Mb) [ Recall: mbare = m+ 1
a

ln(1 + a δm) ]

As C(x0)
x0→∞

∼ e−mBx0 and Cstat(x0)
x0→∞

∼ e−Estatx0 in the large –L
limit, we have to connect this condition (by finite-size scaling) to

Estat +mbare = mB

Sketch of the method

Experiment Lattice with amb ≪ 1
mB = 5.4 GeV Γ(L0,M)

Γstat(L2) Γstat(L1) Γstat(L0)

ui = ḡ2(Li)
σm(u1) σm(u0)? ?� �

A step scaling function σm(u) ≡ 2L [ Γstat(2L) − Γstat(L) ] bridges
between small & larger volumes by evolving L0 → L2 = 22L0 ≃ 1 fm
For L ≃ 2 fm @ same resolution:
Physical situation to accommodate (& calculate) B-meson properties
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Applications Mb

⇒ Equation to solve for the b-quark mass:

L0Γ(L0,M)
︸ ︷︷ ︸

a→0≡ ΩQCD in QCD (L4
0)

= L0m
(exp)
B − L0

{
[ Γstat(L2) − Γstat(L0) ] − [Estat − Γstat(L2) ]

}

︸ ︷︷ ︸
a→0≡ ΩHQET in HQET (contains σm)

Divergent static quark’s self-energy δm cancels in differences !
Γ(L0,M) carries entire (relativistic) heavy quark mass dependence
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Applications Mb

⇒ Equation to solve for the b-quark mass:

L0Γ(L0,M)
︸ ︷︷ ︸

a→0≡ ΩQCD in QCD (L4
0)

= L0m
(exp)
B − L0

{
[ Γstat(L2) − Γstat(L0) ] − [Estat − Γstat(L2) ]

}

︸ ︷︷ ︸
a→0≡ ΩHQET in HQET (contains σm)

Divergent static quark’s self-energy δm cancels in differences !
Γ(L0,M) carries entire (relativistic) heavy quark mass dependence

QCD ( z ≡ L0M≫ 1 , L0 ≃ 0.2 fm ) Quenched static result

O(a) improved QCD & HQET

NP renormalization & Cont. limit

mMS
b

(
mMS

b
)

= 4.12(8) GeV + O( 1
Mb

)
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Applications Mb

Inclusion of 1/m–terms in the computation of Mb
Della Morte, Garron, Sommer & Papinutto, hep-ph/0609294

mB at next-to-leading order of HQET

mB = Estat +mbare +ωkinEkin +ωspinEspin

Ekin,Espin associated with ψh(−
1
2D2)ψh and ψh(−

1
2σ · B)ψh in L(1)

→ Three observables Φ1,Φ2,Φ3 required in the matching step
Considering the spin-averaged B-meson instead, ωspin cancels:

m
(av)
B = 1

4 mB + 3
4 m

∗
B = Estat +mbare +ωkinEkin

→ Only two obervables Φ1,Φ2 necessary
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Applications Mb

Inclusion of 1/m–terms in the computation of Mb
Della Morte, Garron, Sommer & Papinutto, hep-ph/0609294

mB at next-to-leading order of HQET

mB = Estat +mbare +ωkinEkin +ωspinEspin

Ekin,Espin associated with ψh(−
1
2D2)ψh and ψh(−

1
2σ · B)ψh in L(1)

→ Three observables Φ1,Φ2,Φ3 required in the matching step
Considering the spin-averaged B-meson instead, ωspin cancels:

m
(av)
B = 1

4 mB + 3
4 m

∗
B = Estat +mbare +ωkinEkin

→ Only two obervables Φ1,Φ2 necessary

The previous strategy now extends to

Experiment Lattice with amb ≪ 1
mB = 5.4 GeV Φ1(L1,M),Φ2(L1,M)

ΦHQET
1 (L2),ΦHQET

2 (L2) ΦHQET
1 (L1),ΦHQET

2 (L1)

L1 ≃ 0.4fm,L2 = 2L1

u1 = ḡ2(L1)

σm(u1)

σkin
1 (u1),σkin

2 (u1)

? ?
�
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Applications Mb

Matching formula = Static part + 1/m– correction :

L2m
(av)
B = L2m

stat
B

}
= L2

[
Estat − Γ stat

1 (L2)
]
+ σm(u1) + 2Φ2(L1,M)

+ L2m
(1)
B

}
= σkin

2 (u1)Φ1(L1,M) + L2

[
Êkin − Γ kin

1 (L2)
]
ωkin

Implementation
As in the static case, but technical details more involved (& omitted here)

◮ SF boundary conditions, i.e. T × L3, Dirichlet at x0 = 0, T , fermion
fields periodic in space modulo a phase: ψ(x+ Lk̂) = e iθψ(x)

◮ Avoid extra term ( 1
m
fstat
δA ) in boundary-to-A0 correlator by boundary-

to-boundary ones with pseudoscalar or vector quantum numbers

(f1)R (T) = Zboundary e −mbareT
{
fstat

1 +ωkinf
kin
1 +ωspinf

spin
1

}

0

LxLxL

x

x0

0

= T

=

◮ Φ1 : Suitable ratios of f1(θ), f1(θ ′) such that Z– factors drop out
Φ2 : Spin-averaged energy Γ1 = −∂T ln f(av)

1 = mbare + Γ stat
1 +ωkinΓ

kin
1

plus corresponding step scaling functions σkin
1 (u),σkin

2 (u)
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Applications Mb

Examples for continuum limit extrapolations (quenched)

Note: 1/m– terms approach a = 0 only with a rate ∝ a

0 0.0005 0.001 0.0015 0.002 0.0025

(a/L)
 2

8

8.5

9

9.5

10

 Φ
2

0 0.05 0.1 0.15 0.2
a/L

0

2

4

6

8

10

Σ
2

kin

HYP 2
HYP 1
0.1 % uncertainty on M

b

Left:
Dimensionless spin-averaged finite-volume energy from f1 in QCD

Right:
Cancellation of 1/a2 power-divergence in σkin

2 = lima/L→0 Σ
kin
2
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Applications Mb

10 11 12 13 14
M L

1

12

13

14

15

16

17

18

19

L
2
 m

B

exp
 - L

2
 (E

stat
-Γ

1

stat
(L

2
)) - σ

m

2 Φ
2
(L

1
, M)

M
b

stat

Left: Leading order (= static)

◮ mlight = 0 & L1 ≃ 0.4 fm

◮ Input: r0m
(exp)
B , r0 = 0.5 fm

◮ Error dominated by that on ZM in
LM = ZM Z (1 + bmamq)× Lmq

( NP known incl. O(a) [ LPHAA
Collaboration ] )

Quenched b-quark’s mass to order Λ2/mb in HQET

Result in the MS scheme:

mb (mb) = mstat
b +m

(1)
b m

(1)
b = −27(22) MeV

= 4.347(48) GeV

Though quenched approximation, well within range quoted by PDG

Difficult piece: Large-volume HQET matrix element [Êkin − Γkin
1 (L2)]
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Applications FBs

Determination of FBs

Composite fields involving b-quarks translate to the effective theory as

A0(x) = ψl(x)γ0γ5ψb(x) −→ Astat
0 = ψl(x)γ0γ5ψh(x)

t tA0 A0 : Correlation function of the axial current

∫
d3x

〈
A0(x)A

†
0(0)

〉

QCD

x0≫1/Mb
∼ [CPS (Mb/Λ)]

2
∫

d3x
〈
Astat

0 (x)
(
Astat

0
)†

(0)
〉

stat

+ O (1/Mb) Λ ≡ ΛQCD
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Applications FBs

Determination of FBs

Composite fields involving b-quarks translate to the effective theory as

A0(x) = ψl(x)γ0γ5ψb(x) −→ Astat
0 = ψl(x)γ0γ5ψh(x)

t tA0 A0 : Correlation function of the axial current

∫
d3x

〈
A0(x)A

†
0(0)

〉

QCD

x0≫1/Mb
∼ [CPS (Mb/Λ)]

2
∫

d3x
〈
Astat

0 (x)
(
Astat

0
)†

(0)
〉

stat

+ O (1/Mb) Λ ≡ ΛQCD

Generic structure of the HQET-expansion of QCD matrix elements

Φ = 〈B |A0 | 0 〉 : ΦQCD ≡ FB
√
mB = CPS (Mb/Λ)︸ ︷︷ ︸×Φ

stat
RGI︸ ︷︷ ︸ + O (1/Mb)

conversion function
⇐ renormalization

RGI matrix element
in effective theoryIn HQET:

Absence of an axial Ward identity to protect the axial current from a scale
dependence (as in QCD) implies Φstat(µ) ≡ Zstat

A (µ) 〈B |Astat
0 | 0 〉
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Applications FBs

Generic structure of the HQET-expansion of QCD matrix elements

Φ = 〈B |A0 | 0 〉 : ΦQCD ≡ FB
√
mB = CPS (Mb/Λ)︸ ︷︷ ︸×Φ

stat
RGI︸ ︷︷ ︸ + O (1/Mb)

conversion function
⇐ renormalization

RGI matrix element
in effective theoryIn HQET:

Absence of an axial Ward identity to protect the axial current from a scale
dependence (as in QCD) implies Φstat(µ) ≡ Zstat

A (µ) 〈B |Astat
0 | 0 〉

CPS (Mb/ΛMS) =
[
2b0ḡ

2
MS(mb)

]γ0/(2b0) exp
{ ∫ ḡMS(mb)

0
dg

[
γmatch(g)

β(g)
−
γ0

b0g

] }
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Applications FBs

Generic structure of the HQET-expansion of QCD matrix elements

Φ = 〈B |A0 | 0 〉 : ΦQCD ≡ FB
√
mB = CPS (Mb/Λ)︸ ︷︷ ︸×Φ

stat
RGI︸ ︷︷ ︸ + O (1/Mb)

conversion function
⇐ renormalization

RGI matrix element
in effective theoryIn HQET:

Absence of an axial Ward identity to protect the axial current from a scale
dependence (as in QCD) implies Φstat(µ) ≡ Zstat

A (µ) 〈B |Astat
0 | 0 〉

2-step strategy to obtain FBs through lattice QCD [ LPHAA
Collaboration , PLB581(2004)93 ]

(1) Calculation of FBs in lowest order of HQET (= static approximation)

FB
√
mB = CPS (Mb/Λ)×Φstat

RGI Φstat
RGI = ZRGI 〈B |Astat

0 | 0 〉
[
Φstat

RGI(x0) ∝ ZRGI × fstat
A (x0)/

√
fstat

1 × e (x0−T/2)Estat(x0) in the SF
]

Nf = 0 : non-perturbative ZRGI known [ H., Kurth & Sommer, 2003 ]

(2) Combine this with QCD results for FPS(mPS) around the charm quark
mass region by (linear) interpolation in 1/mPS
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√
mB = CPS (Mb/Λ)×Φstat

RGI Φstat
RGI = ZRGI 〈B |Astat

0 | 0 〉
[
Φstat

RGI(x0) ∝ ZRGI × fstat
A (x0)/

√
fstat

1 × e (x0−T/2)Estat(x0) in the SF
]

Nf = 0 : non-perturbative ZRGI known [ H., Kurth & Sommer, 2003 ]

(2) Combine this with QCD results for FPS(mPS) around the charm quark
mass region by (linear) interpolation in 1/mPS

Result in the quenched approximation
Della Morte, Dürr, Guazzini, H., Jüttner & Sommer, in preparation(1)

Large-volumes, a ≈ (0.09 − 0.05) fm
Non-perturbative O(a) improvement

Static action with reduced errors (HYP)

Wave functions at the boundaries
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2-step strategy to obtain FBs through lattice QCD [ LPHAA
Collaboration , PLB581(2004)93 ]

(1) Calculation of FBs in lowest order of HQET (= static approximation)

FB
√
mB = CPS (Mb/Λ)×Φstat

RGI Φstat
RGI = ZRGI 〈B |Astat

0 | 0 〉
[
Φstat

RGI(x0) ∝ ZRGI × fstat
A (x0)/

√
fstat

1 × e (x0−T/2)Estat(x0) in the SF
]

Nf = 0 : non-perturbative ZRGI known [ H., Kurth & Sommer, 2003 ]

(2) Combine this with QCD results for FPS(mPS) around the charm quark
mass region by (linear) interpolation in 1/mPS

Result in the quenched approximation
Della Morte, Dürr, Guazzini, H., Jüttner & Sommer, in preparation(2)
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1.8

1/(r0mPS)

F
P

S
√
m

P
S
/
C

P
S

mDsmBs
Interpolation between LO HQET & FDs

Use:
FPS(mPS) for mPS ≈ (0.8 − 1.8)×mDs

The linear fit in 1/(mPSr0)

◮ is motivated by HQET
◮ yields FBs = 191(5) MeV (prelim.!)
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Applications FBs

Towards Fstat
Bs

in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

LPHAA
Collaboration ∋ H., in progressScale dependent renormalization

of the static-light axial current

Φbare(g0) = 〈PS |Astat
0 | 0 〉 Astat

0 (x) = ψl(x)γ0γ5ψh(x)

Φ(µ) = 〈PS | (Astat
R )0(µ) | 0 〉 µ

dΦ
dµ

= γ(ḡ)Φ

γ(ḡ) ∼
ḡ→0

− ḡ2
{
γ0 + γ1ḡ

2 + . . .
}

with γ0 = −
1

4π2 : universal
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Towards Fstat
Bs

in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

LPHAA
Collaboration ∋ H., in progressScale dependent renormalization

of the static-light axial current

Φbare(g0) = 〈PS |Astat
0 | 0 〉 Astat

0 (x) = ψl(x)γ0γ5ψh(x)

Φ(µ) = 〈PS | (Astat
R )0(µ) | 0 〉 µ

dΦ
dµ

= γ(ḡ)Φ

Strategy for a non-perturbative solution:

Φbare(g0)

ΦRGI

Φinter(µ)

100 MeV 1 GeV 10 GeV 100 GeV µ = ∞
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Applications FBs

Towards Fstat
Bs

in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

LPHAA
Collaboration ∋ H., in progressScale dependent renormalization

of the static-light axial current

Φbare(g0) = 〈PS |Astat
0 | 0 〉 Astat

0 (x) = ψl(x)γ0γ5ψh(x)

Φ(µ) = 〈PS | (Astat
R )0(µ) | 0 〉 µ

dΦ
dµ

= γ(ḡ)Φ

Strategy for a non-perturbative solution:

Φbare(g0)

ΦRGI

Φinter(µ)

Φmatch(µ)

100 MeV 1 GeV 10 GeV 100 GeV µ = ∞
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Applications FBs

Towards Fstat
Bs

in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

LPHAA
Collaboration ∋ H., in progressScale dependent renormalization

of the static-light axial current

Φbare(g0) = 〈PS |Astat
0 | 0 〉 Astat

0 (x) = ψl(x)γ0γ5ψh(x)

Φ(µ) = 〈PS | (Astat
R )0(µ) | 0 〉 µ

dΦ
dµ

= γ(ḡ)Φ

Matching via the RGI matrix element ΦRGI ≡ ZRGI 〈PS |Astat
0 | 0 〉

ΦRGI = Φ(µ)
[

2b0ḡ
2(µ)

]−γ0/(2b0) exp

{

−

∫ ḡ(µ)

0
dg

[
γ(g)

β(g)
−
γ0

b0g

]}

ΦRGI =
ΦRGI

Φ(µ)

∣∣∣∣
µ=1/Lmax︸ ︷︷ ︸

universal, continuum

× Zstat
A (g0,L/a)

∣∣
L=Lmax︸ ︷︷ ︸

regularization dependent

× Φbare(g0)

≡ ZRGI(g0)Φbare(g0) [Φ ≡ Φinter ]
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Applications FBs

Intermediate renormalization scheme = Schrödinger Functional

Step scaling function:

σstat
A (u) =

Φ(µ/2)

Φ(µ)
=
Zstat

A (2L)
Zstat

A (L)
, σstat

A (u) = lim
a→0

Zstat
A (g0, 2L/a)

Zstat
A (g0,L/a)

︸ ︷︷ ︸
≡Σstat

A (u,a/L)
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Applications FBs

Intermediate renormalization scheme = Schrödinger Functional
Step scaling function:

σstat
A (u) =

Φ(µ/2)

Φ(µ)
=
Zstat

A (2L)
Zstat

A (L)
, σstat

A (u) = lim
a→0

Zstat
A (g0, 2L/a)

Zstat
A (g0,L/a)

︸ ︷︷ ︸
≡Σstat

A (u,a/L)Final results:
◮ ZRGI(g0)

◮ non-perturbative running versus perturbation theory

(Nf = 2 conversion function)
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Applications FBs

Calculation of the bare matrix element of the static current
based on LPHAA

Collaboration’s Nf = 2 configurations from large-volume simulations

◮ V = L3 × T = 243 × 32, β = 5.3, κ = 0.1355
◮ Modified static discretizations yielding improved statistical accuracy

(HYP-smearing)

◮ Use of wave functions ωi at the boundaries of the SF to suppress
excited B-meson state contributions to the correlation functions
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Applications FBs

Calculation of the bare matrix element of the static current
based on LPHAA

Collaboration’s Nf = 2 configurations from large-volume simulations

◮ V = L3 × T = 243 × 32, β = 5.3, κ = 0.1355
◮ Modified static discretizations yielding improved statistical accuracy

(HYP-smearing)

◮ Use of wave functions ωi at the boundaries of the SF to suppress
excited B-meson state contributions to the correlation functions

B-meson SF correlation functions on the lattice:

fstat
A (x0,ω) = − 1

2 〈(A
stat
I )0(x)O(ω)〉 , O(ω) =

a6

L3

∑

y,z

ζh(y)γ5ω(y − z)ζl(z)

fstat
1 (T ,ωi,ωj) = − 1

2 〈O
′(ωi)O(ωj)〉 , O ′(ω) =

a6

L3

∑

y,z

ζl
′(y)γ5ω(y − z)ζh

′(z)

Jochen Heitger Non-perturbative HQET



Applications FBs

Calculation of the bare matrix element of the static current
based on LPHAA

Collaboration’s Nf = 2 configurations from large-volume simulations
◮ V = L3 × T = 243 × 32, β = 5.3, κ = 0.1355
◮ Modified static discretizations yielding improved statistical accuracy

(HYP-smearing)
◮ Use of wave functions ωi at the boundaries of the SF to suppress

excited B-meson state contributions to the correlation functions

Observables

Effective energy:

Eeff(x0,ωi) =
1

2a
ln

[
fstat

A (x0 − a,ωi)/fstat
A (x0 + a,ωi)

]

(Local) static-light decay constant (resp. RGI matrix element of Astat
0 ):

ΦRGI(x0,ωi) = ZRGI (1 + bstat
A amq) × Φbare(x0,ωi)

Φbare(x0,ωi) = −2L3/2 fstat
A (x0,ωi)√
fstat

1 (T ,ωi,ωi)
e (x0−T/2)Eeff (x0,ωi)

Jochen Heitger Non-perturbative HQET



Applications FBs

Results:
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Applications FBs

Results:

Conversion to the physical decay constant, employing
◮ a = 0.078(1) fm at β = 5.3 [ Del Debbio et al., hep-lat/0610059 ]
◮ CPS(Mb/ΛMS) = 1.24(3) using Mb = 6.758(86) GeV

[ LPHAA
Collaboration , Della Morte et al., hep-lat/0610059 ]

⇒ a3/2ΦRGI = 0.143(5) → Fstat
Bs

= 297(14) MeV (a ≈ 0.08 fm)
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Applications FBs

Results:

Conversion to the physical decay constant, employing
◮ a = 0.078(1) fm at β = 5.3 [ Del Debbio et al., hep-lat/0610059 ]
◮ CPS(Mb/ΛMS) = 1.24(3) using Mb = 6.758(86) GeV

[ LPHAA
Collaboration , Della Morte et al., hep-lat/0610059 ]

⇒ a3/2ΦRGI = 0.143(5) → Fstat
Bs

= 297(14) MeV (a ≈ 0.08 fm)

Discussion:
◮ significantly larger than the best quenched result FBs = 194(6) MeV
◮ indicates an increase of either FBs or its 1/mb– corrections to the static

limit in the two-flavour theory
Jochen Heitger Non-perturbative HQET



Summary & Outlook

Summary & Outlook

◮ New quality of the computations employing lattice HQET:
X Non-perturbative formulation including the matching

based on general hypotheses
cures problem of power-law divergences, continuum limit exists
continuum limit at large quark masses (small-volume setup !)
numerical cost is rather moderate

X Renormalization of 1/m– terms can be performed non-perturbatively
X Physics results still quenched, but extension of the methods to QCD

with dynamical quarks (Nf > 0) straightforward and already started
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◮ New quality of the computations employing lattice HQET:
X Non-perturbative formulation including the matching

based on general hypotheses
cures problem of power-law divergences, continuum limit exists
continuum limit at large quark masses (small-volume setup !)
numerical cost is rather moderate

X Renormalization of 1/m– terms can be performed non-perturbatively
X Physics results still quenched, but extension of the methods to QCD

with dynamical quarks (Nf > 0) straightforward and already started

◮ Promising perspectives for other B-physics observables:
→ E.g. spin-splitting mB∗ −mB, B− B mixing parameter BB

[ Palombi, Papinutto, Pena & Wittig, hep-lat/0604014 & in progress ]
→ Decay constant FB and NP matching for Nf = 2

[ Della Morte, Fritzsch & H., hep-lat/0611036; LPHAA
Collaboration ∋ H., in progress ]
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Summary & Outlook

◮ New quality of the computations employing lattice HQET:
X Non-perturbative formulation including the matching

based on general hypotheses
cures problem of power-law divergences, continuum limit exists
continuum limit at large quark masses (small-volume setup !)
numerical cost is rather moderate

X Renormalization of 1/m– terms can be performed non-perturbatively
X Physics results still quenched, but extension of the methods to QCD

with dynamical quarks (Nf > 0) straightforward and already started

◮ Promising perspectives for other B-physics observables:
→ E.g. spin-splitting mB∗ −mB, B− B mixing parameter BB

[ Palombi, Papinutto, Pena & Wittig, hep-lat/0604014 & in progress ]
→ Decay constant FB and NP matching for Nf = 2

[ Della Morte, Fritzsch & H., hep-lat/0611036; LPHAA
Collaboration ∋ H., in progress ]

◮ Predictive power of LQCD demands high precision (few % errors):
→ Need small enough lattice spacings and quark masses → apeNEXT
→ Expect impact on CKM phenomenology and the study of BSM physics
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