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B-physics — A challenge for lattice QCD
B-physics & Lattice QCD

[Precision physics of the Cabibbo-Kobayashi-Maskawa matrix involves
hadronic matrix elements

Example:
Leptonic B-meson decay

B — lepton + Viepton (Bal(p) |Byuy5d|0> = ipyFeg,
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B-physics — A challenge for lattice QCD
B-physics & Lattice QCD

[Precision physics of the Cabibbo-Kobayashi-Maskawa matrix involves
hadronic matrix elements

Example:
Leptonic B-meson decay

B — lepton + Viepton (Bal(p) |Byuy5d|0> = ipyFeg,

@ Determination of the CKM-parameters
(‘fundamental’ parameters of nature)
@ Tests of the unitarity of the CKM matrix
@ CP violation in the standard model (SM) of particle physics

[The b-quark mass
[Spectrum and lifetimes of beauty-hadrons, ...
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B-physics — A challenge for lattice QCD
B-physics & Lattice QCD

[Precision physics of the Cabibbo-Kobayashi-Maskawa matrix involves
hadronic matrix elements

Example:
Leptonic B-meson decay

B — lepton + Viepton (Bal(p) |Byuy5d|0> = ipyFeg,

@ Determination of the CKM-parameters
(‘fundamental’ parameters of nature)
@ Tests of the unitarity of the CKM matrix
@ CP violation in the standard model (SM) of particle physics

[The b-quark mass
[Spectrum and lifetimes of beauty-hadrons, ...

As the required B-meson matrix elements live in the low-energy, genuinely
non-perturbative regime of QCD, its evaluation is a task for lattice QCD
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B-physics — A challenge for lattice QCD
The CKM matrix

ClC 1111
u c t
d s ' Db
Weak interactions (such as neutron — proton decays) take place within
quark families

u — dv L ~ tw_d” etc.

but only through transforming weak eigenstates —— mass eigenstates
101

1 1
d d Vud Vus Vub
LsP L=Ngy Esl 1 vy = BV Vs Vg
bt b Vid Vis Vi

the latter entering the flavour changing interaction of charged currents in
the hadronic sector of the standard model
I:dl 1

1 _[
Lce ~ UGt yu(17y5)VCKM L sl mﬂ + h.c.
b
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B-physics — A challenge for lattice QCD
The CKM matrix

|:h 1 L 11 1 1
d d Vud Vus Vub

LsH LWy Bsl T vy = BVl Vs Ve
bt b Vid Vis Vi

Wolfenstein parameterization

[Uhitarity in the SM: VgV g VedVep B VARV 5 —=0 <= triangle
[ Ekpansion in powers of the

the Cabibbo angle |Vys| = A ~ 0.22 n - (n:p)
0 o ':Q,’ 2N s

2

H — 2 AN? |

AN(1—p—in) —AN 1 V) B

(0,0) (10) P

v
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B-physics — A challenge for lattice QCD
The CKM matrix

Wolfenstein parameterization

[ Uhitarity in the SM: VgV 5 VeaVEH VgV 5= 0 <= triangle
[ Ekpansion in powers of the
the Cabibbo angle |Vys| = A ~ 0.22 n . @p)
\/ud ub a *
—x N ARp—in) W o,
E 2 p n E VedVeo
}\2 1
A —X AN |
AN(L—p—in) —AN 1 v) B
(0,0) (10) P

@ Angles and sides related to various mesonic decays/transitions ...

@ ... but only, if the relation between quark tran- b__ —d
sitions and (B—)meson transitions are known B w wi B
— low-energy hadronic matrix elements 5 — ' .

@ Large number of experimental data I ——

— B-factories BaBar, Belle, LHCD, ...



B-physics — A challenge for lattice QCD
The role of lattice results

lllustration: Unitarity triangle analysis (‘CKM fit’) [Okamoto @ Lattice 2005 ]

Constraints on (1, p) by mass differences (due to B — B oscillations) & «

M 4 A F&,Be7 [ViaVip!
(M[Oam=2|M) = Zm{yFYyBu My B;E taVep|
h A Am F& Vis|? Vis|?
(0lby,ysq|Bg) = ipuFs,,q=ds —— o« —— — &2
R e Amg R Bg) VP T T Val
UT with lattice input from Bk, Fg,, Bg,, &: Today versus expected (5-3)% accuracy

M, e

0.2 02 |
= 00 = — 00 = 5
-02 - -02 | -
Lattice' 05 L Lattice 201X
0.4 1 -0.4 L :
_0.6 \\ \\‘; \\\\\ _ov6 h A . ! . ! N L
04 02 0 02 04 06 08 1 04 02 0 02 04 06 08 1
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B-physics — A challenge for lattice QCD

Another, more explicit analysis: o
2 2 @ZE
Amg o F3 Bed VgV 22
2 0.2
Amg x FBS@ Visl? _ g2 Visl? R I T
Amyg F2 Bel [Vial® Vigl? ‘ ’
[tdp: with lattice input from By, Fg,, Bg,, & e
[hbttom: lattice results (Bk, Fg,) dropped o %
[Ciuchini et al., 2003] o2
-1 -0B -06 -04 -02 ; 0.2 Q.4 0.6 0.8 1

Jochen Heitger Non-perturbative HQET



B-physics — A challenge for lattice QCD

, T T T T T T T T T

Another, more explicit analysis: o5
Amy o FE Bel VgV ?
2 0.2
Amg x FBS@ Visl? _ z‘Vts‘z R I T
Amyg F2 Bel [Vial® Vigl? ‘ ’
[tdp: with lattice input from Bk, Fg,, Bg,, & e
[hbttom: lattice results (Bk, Fg,) dropped o &
[Ciuchini et al., 2003] oz
@ Presently: R T

Assuming the SM, lattice results have small influence but have been
reproduced by fits to experimental data alone
— influence of Beyond-SM physics is ‘small’

@ However:
Determining limits — or discovering — BSM physics demands high
precision of experiments and the determination of key parameters
from *first principles’
— reliable lattice QCD calculations
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B-physics — A challenge for lattice QCD

! T T T T T T T T T

Another, more explicit analysis: o5
Amg o Fg Bel VigVipl*
2 02 )
Amg x FBS@J ‘Vts‘z g2 ‘Vts‘z o Lo
Amgy F2 Bel [Vial® Vial? ‘ p

[tdp: with lattice input from Bk, Fg,, Bg,, & o7

[Chéttom: lattice results (Bk, Fg,) dropped T os
[Ciuchini et al., 2003 ] 02

° I L I L ! ! L n
-1 -0B -D6 -04 -D2 0O 02 04 06 08 1

Suitable framework for heavy-light systems is the

eavy uark ffective heory
HQET QCD Electroweak

theory
1 l e |
| I |
/\QCD K~ N Aqco Mg > /\QCD Myy
[ [T11 I [T11 1]

Long distance physics: Short distance physics:
non-perturbative techniques perturbation theory, renormalization group
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B-physics — A challenge for lattice QCD

Lattice HQET — Why ?

Consider a large lattice as possible in the quenched approximation

AT M [Llght quarks: too light

@ Widely spread objects

@ Finite-volume errors due to
~ = light pions

[ blquark: too heavy
N T NN o Extremely localized object
@ B-mesons need very fine
resolutions, otherwise:
[discretization errors
[hll through the lattice’
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B-physics — A challenge for lattice QCD
Lattice HQET — Why ?

Consider a large lattice as possible in the quenched approximation

N [ 1 [ Light quarks: too light

@ Widely spread objects

@ Finite-volume errors due to
~ = light pions

[ blquark: too heavy
N T NN o Extremely localized object
@ B-mesons need very fine
resolutions, otherwise:
[discretization errors
[hll through the lattice’

= Propagating b on the lattice beyond today’s computing resources
= Recourse to an effective theory for the b-quark:

Heavy Quark Effective Theory
[Eichten, 1988; Eichten & Hill, 1990]
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Lattice QCD basics

Lattice QCD basics
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Lattice QCD basics

Lattice QCD

‘Ab initio’ approach to determine phenomenologically relevant key parameters

1 —
LQCD [gO, mf] = T 52 TrJlFquuv } =+ qu‘{yu (ap + gOAu) =+ mf}‘wf
200 f=u,ds,...
1
Fo
F

I - - -
Fr
7T Ude B
%K E Ryl M + «Ba
D e M. 3
Bl m

m
oo
Experiment

(1]
QCD parameters (RGls) Predictions
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Lattice QCD basics

Lattice QCD
‘Ab initio’ approach to determine phenomenologically relevant key parameters
1 1
LQCD [gO, mf] - *ﬁ TrJlFquuv } =+ qu {yu (ap + gOAu) =+ mf}‘ wf
% f=u,d,s,...
1 [ 1 1 1 1
Fr Nqcbp Fo
7 Loco [go,m+] u: Mg Fe
K = Ms + K, Bp
D M. ¢
oo (O o e B L (L[]
Experiment o QCD parameters (RGlIs) Predictions
Loco [90.m+] - . . .
— means formulation of QCD on a Euclidean lattice with:
° Gaug.e invariance @ Applicable for all scales
@ Locality @ Technical issues/obstacles
@ Unitarity [—Qontinuum limit & Renormalization
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Lattice QCD basics

Lattice QCD
‘Ab initio’ approach to determine phenomenologically relevant key parameters
1 L1
Locp (9o, m¢] = 2g — I {FuvFuv) + Welyw (On + 9oAL) + mel s
f=u,d,s,...

1 1 1
Q Fo
:> MS + KvBB
e M £
| 1

|:LE51|:| el o n
Experiment QCD parameters (RGIs) Predictions

L g . . . .
QC@ el means formulation of QCD on a Euclidean lattice with:

@ Gauge invariance @ Applicable for all scales
@ Locality @ Technical issues/obstacles
o Unitarity [ Qontinuum limit & Renormalization

[Qomputing resources of > 1 TFlop/s
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Lattice QCD basics

Lattice QCD
‘Ab initio’ approach to determine phenomenologically relevant key parameters
1 L1
Locp (9o, m¢] = 2g — I {FuvFuv) + Welyw (On + 9oAL) + mel s
f=u,d,s,...

1 1 1
Q Fo
:> MS + KvBB
e M £
| 1

|:LE51|:| el o n
Experiment QCD parameters (RGIs) Predictions

L g . . . .
QC@ el means formulation of QCD on a Euclidean lattice with:

@ Gauge invariance @ Applicable for all scales
@ Locality @ Technical issues/obstacles
o Unitarity [ Qontinuum limit & Renormalization

[Q(1/+/tcpy) statistical errors
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Lattice QCD basics

Uy (x) = et@90Au() P(x) @ Lattice cutoff a1 ~ Ayy
=il i ]l @ Finite volume L3 x T
o o T o B T |@ @ Lattice action
o B [ [ SIU. T.0] = Se[U] + SelU. T, 0]
-|- 1 i (i i ’Ll"lvl"J_G +F 1l'|J!LIJ
SEREEEEE s - e
]l o S —a“F:(x)ID[U] )
(i [ ] [l [ P i} v b
— L EVs: represented as path integrals
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Lattice QCD basics

Uy (x) = etagoAn0) P(x) @ Lattice cutoff a~ 1 ~ Ayy
S slslsl=lslsls @ Finite volume L° x T
o T o B T |@ @ Lattice action
(o o o [ i B _ _
e e e S[U, , Y] = Sg[U] + SeU, Y, Y
e S = g T-UP)
mlnl=l=l=l=l=ls ——
Se = a'  Y(x)DUY(x)
[ | (o [ o T [ .
— L EVs: represented as path integrals

- = oA I:l
D (BeTMTA) = Dix(t)e S /J ,,,,,,,, .
LJd) x(0) = A, x(t) =B
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Lattice QCD basics

_ aiagoAy, .
Up(x) =ete9o w () P(x) @ Lattice cutoff a~ 1 ~ Ayy
HA O oo oo s o @ Finite volume L% x T
I T |% @ Lattice action
o o o o B B SIU. T, W] = SalU] + SelU. T, W]
T |_||_||_| |||_|’_||_| ’Ll'Jvl"J_G +F 1L|J!LIJ
CC O A 1
o o o o B B S = 9% Tril = Uipl}
]l ]l S —a4i:(x)lD[U] )
(o 1 Y o F- . v v
— L EVs: represented as path integrals
] ]
_ . I [ S
2 = DUD,Yle SMUP¥l — Dyl T det B+ ms e SelU
1 I:II:I C—10C] D—SG[U] ~
(0) = P X’“dUu(x)O cdet D+ mg e = thermal average
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Lattice QCD basics

_ plagoAy . _
Uy (x) = etagoAua) W(x) @ Lattice cutoff a~1 ~ Ayy
g w1 M @ Finite volume L3 x T
I o |@ @ Lattice action
CHC OO e e e e SIUT. W] = Sa[U] + Se[U. T, Wl
-|- 1 i ,LI"'!'“IJ_G +F 1lIJ!l'IJ
i o 1
CHC O Cr e e e S = 9%% Tril = Vip)
]l e S —a4i:(x)lD[U] )
(o | o [ [ F- . v v
— L EVs: represented as path integrals
1] 1
S — — =i
2 = DD, e SMYYI — DU} " det B+ m¢ e el
i — — O -
(O) = 7 ndUp(X)O  det D +my e olUl = thermal average

— Observables (O) =

Stochastic evaluation with Monte Carlo methods

N n=1On Ao from numerical simulations
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

(1) Effects of dynamical fermions

@ Valgnge quark-approximation (quenching):
det D+my =1
— neglection of quark loops 8 Qo Q2D s

. __full QCD N
® Costs: ioncheqocp 100 — 1000 @-

(8) Full QCD
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

(1) Effects of dynamical fermions

@ Valenge quark-approximation (quenching):
det D+my =1
— neglection of quark loops (8 Qe G0 ko

. __full QCD N
® Costs: ;roncheocp 100 — 1000 @-

(8) Full QCD

(2) Lattice artefacts cause discretization errors
<O>Iattice _ <O>continuum + 0(aP)

@ removable by extrapolating to the continuum limit: a — 0
@ accelerated convergence for p™>p — O(aP”) improvement
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

Multiple scale problems — always difficult for a numerical treatment

m(2 GeV)[MeV]

L ol L] { ]
light strange charm beauty
L} L} o e
\\\HH‘ \\\HH‘ 1 \\\HH‘ 1 L1111l

10 100 1000 M [MeV]
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

Multiple scale problems — always difficult for a numerical treatment

m(2 GeV)[MeV]

L L} ol L[]
light strange charm beauty
L} L} [ [ ]
\\\HH‘ \\\HH‘ 1 \\\HH‘ 1 Lo LIl

10 100 1000 M [MeV]

(3) Quark mass restrictions
a<mgt <L

— Extrapolations to m, g and my, guided by ChPT and HQET
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Lattice QCD basics

Towards realistic QCD simulations — Systematics

Multiple scale problems — always difficult for a numerical treatment

m(2 GeV)[MeV]

L L} ol L[]
light strange charm beauty
L} L} [ [ ]
\\\HH‘ \\\HH‘ 1 \\\HH‘ 1 Lo LIl

10 100 1000 M [MeV]

(3) Quark mass restrictions
a<mt<L
— Extrapolations to m, g and my, guided by ChPT and HQET

(4) Energy range restrictions

L/a < 32
L CIbhfm

Jochen Heitger Non-perturbative HQET
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Lattice QCD basics

Insert: The QCD ' chrodinger - unctional

Definition [Luscher et al., 1992; Sint, 1994 ]

_ ¢ SF=QCD partition function on a Euclidean T x L3 cylinder

! ° E(I‘gD[U,qJ,Ee_S[U"I”TI’] =e T
o T Gauge & quark fields satisfy Dirichlet BCs in time
and are periodic in space, e.g.
° S U(%, K xo=0 = 8 *CkE) U(X, K)|xo=1 = €2k
g @ Finite-volume scheme to solve scale dependent

renormalization problems non-perturbatively

Jochen Heitger Non-perturbative HQET



Lattice QCD basics

Insert: The QCD ' chrodinger - unctional

SF = QCD partition function on a Euclidean T x L3 cylinder

.~ C ]
! O DU, Y, PleSUPDl = g=T
ime T Gauge & quark fields satisfy Dirichlet BCs in time
and are periodic in space, e.g.
° 2 U(%, K xo=0 = 8 *CkE) U(X, K)|xo=1 = €2k
g @ Finite-volume scheme to solve scale dependent

renormalization problems non-perturbatively

S H., 1996-1999]

{ \/] p fX(XO) X X(X) Z(}’)V5Z(Z) ’ X = Ap ’ P
7 / | A, = %uygpj : axial curroint, P= EiW%:_ pseudoscalar density
\ 1 o Zi(w)ysZ{v) G (y)ys&i(z) , ¢, boundary quarks

e = —_
To=0 LxIxL 0,V,Y,Z

1 ;
= Large-V hadron physics, e.g. 0 < Xo < T: fa/ T1 =~ (0JAIPS) e =G0 z)mes

~
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HQET — An asymptotic expansion of QCD

Heavy Quark Effective Theory (HQET)
— An asymptotic expansion of QCD

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD
The concept of effective field theories

[ Philosophy:
Account for the important aspects of the ‘full theory’ while ignoring the
irrelevant ones

[Id particle physics:
Since effects of a very heavy particle become irrelevant at low energy,
it is useful to construct some low-energy effective theory where it no
longer appears and which is easier to deal with

— e.g. Fermi’s theory of weak interactions

[Limitation:
With increasing E, the structure of intermediate particles and their
interactions (e.g. W— & Z-bosons) is more and more resolved so that
the effective description is no longer adequate

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD
The concept of effective field theories

[ Philosophy:
Account for the important aspects of the ‘full theory’ while ignoring the
irrelevant ones
[Id particle physics:
Since effects of a very heavy particle become irrelevant at low energy,
it is useful to construct some low-energy effective theory where it no
longer appears and which is easier to deal with
— e.g. Fermi’s theory of weak interactions
[Limitation:
With increasing E, the structure of intermediate particles and their
interactions (e.g. W— & Z-bosons) is more and more resolved so that
the effective description is no longer adequate
[ Téchnically:
DOFs of heavy fields are integrated out in the generating functional of
the Green functions of the theory
— non-local effective action Seyewritten as series of local terms (OPE)
— disentangle physics at long distances (i.e. low E), where S¢ —gorrectly

reproduces the full theory, from that at short distances (i.e. high E)
Jochen Heitger Non-perturbative HQET




HQET — An asymptotic expansion of QCD

... is constructed to provide a simplified description of processes, in which
a heavy quark (Q) strongly interacts with light DOFs by exchange of soft
gluons that can only resolve distances > 1/mgq

Mg > NAgcp = high-energy scale
Naocp ~ 1/Rpag = low-energy scale of hadronic physics of interest
Lagrangian = systematic expansion in powers of Agcp/Mg

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

... is constructed to provide a simplified description of processes, in which
a heavy quark (Q) strongly interacts with light DOFs by exchange of soft
gluons that can only resolve distances > 1/mgq

Mg > NAgcp = high-energy scale
Naocp ~ 1/Rpag = low-energy scale of hadronic physics of interest
Lagrangian = systematic expansion in powers of Agcp/Mg

AL ~1/mg < Rpag ~ 1fm:
Mg gets unimportant for low—E properties of heavy-light bound states
— light DOFs are blind to flavour & spin of Q and only experience its
colour field extending over large distances because of confinement
— heavy quark symmetry: effective theory invariant under changes of
flavour, resp. mass, and spin orientation of Q
(leading symmetry breaking corrections through O(1/mg) terms)
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HQET — An asymptotic expansion of QCD

... is constructed to provide a simplified description of processes, in which
a heavy quark (Q) strongly interacts with light DOFs by exchange of soft
gluons that can only resolve distances > 1/mgq

Mg > NAgcp = high-energy scale
Naocp ~ 1/Rpag = low-energy scale of hadronic physics of interest
Lagrangian = systematic expansion in powers of Agcp/Mg

AL ~1/mg < Rpag ~ 1fm:
Mg gets unimportant for low—E properties of heavy-light bound states
— light DOFs are blind to flavour & spin of Q and only experience its
colour field extending over large distances because of confinement
— heavy quark symmetry: effective theory invariant under changes of
flavour, resp. mass, and spin orientation of Q
(leading symmetry breaking corrections through O(1/mg) terms)

[ Heavy quark symmetry is ‘complementary’ to chiral symmetry:
Latter arises in the opposite, small quark mass limit, mq < Aqcp,
and symmetry breaking corrections are analyzed by XPT
(Different realization: x—symmetry for Locp «— HQ-symmetry for Lerh
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HQET — An asymptotic expansion of QCD

HQET — An asymptotic expansion of QCD

Physical picture

=il
AT Momentum scales in heavy-light (QQ) mesons

! | ! @ Q almost at rest at bound state’s center,
—r +— surrounded by the light DOFs

m—l
: 3Q i @ Motion of the heavy quark is suppressed
| Q 5 | by /\QCD/mQ
- 99 . | @ (approx.) heavy quark spin-symmetry

L 111 ]

a

L
PG = mqv* +k*
vvVo= 1

residual momentum:
k ~ O(/\QCD) < MgV

~
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HQET — An asymptotic expansion of QCD

HQET — An asymptotic expansion of QCD

Physical picture

<A5—1CD, Momentum scales in heavy-light (QQ) mesons

! | ! @ Q almost at rest at bound state’s center,
—r m51 +— surrounded by the light DOFs
N < W @ Motion of the heavy quark is suppressed
i 1 by Aqcp/mq
- 99 @ (approx.) heavy quark spin-symmetry

L L] Formally, in case of the B-system:
a LugeT = 1/my—expansion of continuum QCD
I nL1Qv“+k“ @ Wy {yuDy + mpiWp — Lstat + O(1/my)
Vi o= 1 @ Lstat(X) = Wy(X) {Do + My} Wh(X)
residual momentum: P+Wh =Yy, P+ = % (1+Yo) = 2d.o.f.
k ~ O(Agcp) < MgV @ Systematic & accurate for mn/Aqcp > 1

~
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HQET — An asymptotic expansion of QCD

Insert: Derivation of the HQET Lagrangian

Start from the Euclidean Dirac-Lagrangian in the continuum
L = PDuy,+my = y'Ddy
D myo + Do + YoDrYx

At the classical level:
One can assume smooth fields and thus can perform an expansion in D,

counting D,, = O([1/m %)

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

Insert: Derivation of the HQET Lagrangian

Start from the Euclidean Dirac-Lagrangian in the continuum
L = PDuy,+my = y'Ddy
D myo + Do + YoDrYx

At the classical level:
One can assume smooth fields and thus can perform an expansion in D,,,
counting D, = O([1/m]°)

Kinematical situation
@ Dynamics of a hadron at rest containing one heavy quark
@ M = oo: heavy quark propagates only in time

= Do/m =0(1) D/ m=0()

when the derivatives act on heavy fields — ‘power counting scheme’
(O( ) ~O(1/m); inthe quantum theory: = Agcp/m)

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

Insert: Derivation of the HQET Lagrangian

Start from the Euclidean Dirac-Lagrangian in the continuum

L = PDuy,+my = y'Ddy
D myo + Do + YoDx Yk

Kinematical situation
@ Dynamics of a hadron at rest containing one heavy quark
@ M = oo: heavy quark propagates only in time
= Do/m =0(1) Dy/m=0()

when the derivatives act on heavy fields — ‘power counting scheme’
(O( ) ~0O(1/m); inthe quantum theory: = Agcp/m)

@ At lowest order, the ‘large components’ (anti-)quark field propagates
forward (backward) in time:

P+Wh = Wh WP+ = Py, Pe=—
P-Ur=w;  UP- =y



HQET — An asymptotic expansion of QCD

Quark and anti-quark fields are connected by the O(1/m) terms in £

L= LF% + L3 + 0(1/m)

LR® = (Do +myn L5 = p(—Do+m)yy

but they can be decoupled through a field rotation (Foldy-Wouthuysen
transformation):

P — @=e5y Y — o' =y'e™s
= L=¢"D%
with  DF=eSDe™5 |, S= % Dyyk = —-S" = 0(1/m)

(Recall that D = O(m) and that in this way the Dy y—term is rotated away )

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

Explicitly:

DD

L

P — @=e5y P — o' =y'e™s
L=¢'D
with  DF=eSDe™S |, S= % Dyyik = —S" = 0(1/m)

1 -
D+ — [DyYx, D] [Diy1, [Dyyx, DIl + O 1/m

S
2m 8m?2

1 1 0,00
D+ — [DxYk, D] — — [Dyy1, YoDxyx] + O 1/m

2 - 1 1

1 1 1
Yo YoDo+m+ om —Dy Dy — ﬁFkLOkl + %Fkoyo\/k

L] 2
+0 1/m

] 1
Liet 4 pstat P+ 4@ 4 0 /m?

2m
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HQET — An asymptotic expansion of QCD

1
DY = D4+ —[Dyyi, D]+

1 1,
2m gmz | P1yu [Dkyi, DI + O 1/m

1 1 o,
= D+ — [DyYk, D] — — [D1y1,YoDxYyx] + O 1/m

T 7 - 1

1 1 1
= Yo YoDo+m+ om —Dy Dy — szLGkL + s—FroYoYx

2m
L1,
4+0 1/m
1 1
1 L] 1]
L= £%tat JrL%tat + o L(1)+L(l)+£(l) + O 1/m?
with
1 1
(€Y m 1
Lh? = Wn —DkDi— SFaoa
1 _ |:]2 ] 1
= 5= W D+ 0B P = —5— (Oun + Ospin)

_ i _
Guv -2 [Vu.VV] Fkl — [Dka DL]



HQET — An asymptotic expansion of QCD

@ Only double insertions of L%) contribute for heavy-light hadrons
= 0(1/m?) and may be dropped in £ here
@ L = L.+ low-energy effective Lagrangian

@ describes long wave length modes of the fields accurately and has
truncation errors of increasing relevance for shorter wave lengths
@ removal of the mass terms
< energy shift by m of all states containing a single heavy quark
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HQET — An asymptotic expansion of QCD

@ Only double insertions of L%) contribute for heavy-light hadrons
= 0(1/m?) and may be dropped in £ here
@ L = L.+ low-energy effective Lagrangian

@ describes long wave length modes of the fields accurately and has
truncation errors of increasing relevance for shorter wave lengths

@ removal of the mass terms
< energy shift by m of all states containing a single heavy quark

® Quantum fluctuations:

@ are not smooth, but rather than modifying the structure of L the
coefficients of the various terms receive non-trivial renormalizations
due to these short-distance fluctuations

@ long-wavelength terms
<> local interaction terms, renormalized as in (effective) local QFT
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HQET — An asymptotic expansion of QCD

@ Only double insertions of L%) contribute for heavy-light hadrons
= 0(1/m?) and may be dropped in £ here
@ L = L.+ low-energy effective Lagrangian

@ describes long wave length modes of the fields accurately and has
truncation errors of increasing relevance for shorter wave lengths

@ removal of the mass terms
< energy shift by m of all states containing a single heavy quark

® Quantum fluctuations:

@ are not smooth, but rather than modifying the structure of L the
coefficients of the various terms receive non-trivial renormalizations
due to these short-distance fluctuations

@ long-wavelength terms
<> local interaction terms, renormalized as in (effective) local QFT

@ Therefore:
Prefactors of the various operators to be determined by a non-trivial
(— ideally non-perturbative —) matching of HQET to QCD in the
quantum theory
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HQET — An asymptotic expansion of QCD

The effective quantum field theory

L4t contains local fields of a mass dimension d [4]
= power-counting renormalizable, counterterms restricted by symmetries

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

The effective quantum field theory

L4t contains local fields of a mass dimension d [4]
= power-counting renormalizable, counterterms restricted by symmetries
@ Symmetries of the static theory:
[ hkavy quark spin-symmetry
[Idcal conservation of heavy quark flavour number
[ghuge invariance, parity & cubic symmetry

= Only one invariant counterterm that is oc Y, h:

L;tat — mh(Do -+ 0m) Y (continuum) quantum Lagrangian
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HQET — An asymptotic expansion of QCD

The effective quantum field theory

L3t contains local fields of a mass dimension d [4]
=- power-counting renormalizable, counterterms restricted by symmetries
@ Symmetries of the static theory:
[ hkavy quark spin-symmetry
[Idcal conservation of heavy quark flavour number
[_ghuge invariance, parity & cubic symmetry

= Only one invariant counterterm that is oc (Jy,n:
L3 — g (Do 4+ dm)YPn  (continuum) quantum Lagrangian

Lattice formulation
Straightforward discretization prescriptions

Do — Vg : backward lattice derivative , DDy — ViV , Fr — E5l

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

The effective quantum field theory

Lattice formulation

@ Static quark lattice action

1

. L 1
ShIW, Wh, W] = a“m W (X) (VE + dm) Yn(x)
* ]

« B ;D CwWie  an .
Von(x) = % Pn(x) =W (x—a0,0)n(x—a0)

W (x,0) = U(x, 0) : Eichten-Hill action, but more clever choices for
parallel transporters are possible [ ALEHA 2004 & 2005]

@ Static quarks propagate only forward in time

= An(x,y) = W(x—a0,0) " *W(x—2a0,0)"t .- W(y,0)*
x 0(Xg — Y0)d(x — y)(1 +adm) ~(o~vo)/ap,

(timelike Wilson line, dm cancels divergence in the static quark self-energy)
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HQET — An asymptotic expansion of QCD

The effective quantum field theory

Lattice formulation

@ Static quark lattice action

ShW, Ty, W] = @t —— S0 (V5

hW, Up, Wnl = & 1+ aom ) Wh(x) (Vo + dm) Yh(X)
“ . O + ~ ~
Vown(x) = 5 Wn(x) —W'(x—a0,0)yn(x —a0l)

W (x,0) = U(x, 0) : Eichten-Hill action, but more clever choices for

parallel transporters are possible [ ALEHA | 2004 & 2005]
@ O(a) improvement:

Preserving on the lattice the above symmetries of the static theory

guarantees that both universality class and O(a) improvement are

unchanged w.r.t. the static action, i.e. the static-light action is already

improved if the light quark sector is [Kurth & Sommer, 2001 ]

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

The effective quantum field theory

Lattice formulation

@ Static quark lattice action

. , 1

ShIW, Uy, Y] = a 1+ asm ) Wh(X) (Vo +0m) Yh(x)
“ - + ~ ~
Vown(x) = = Wp(x) —W'(x—a0,0)yy(x —a0)

W (x,0) = U(x, 0) : Eichten-Hill action, but more clever choices for

parallel transporters are possible [ ALEHA | 2004 & 2005]
@ O(a) improvement:

Preserving on the lattice the above symmetries of the static theory

guarantees that both universality class and O(a) improvement are

unchanged w.r.t. the static action, i.e. the static-light action is already

improved if the light quark sector is [Kurth & Sommer, 2001 ]
@ Renormalization:

energy shift dm included but dm « 1/a for dimensional reasons (!)
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HQET — An asymptotic expansion of QCD

Composite fields involving b-quarks also translate to the effective theory:
Ao(X) = Ui (X)YoysWs(x)  —  AF™ =(X)YoysWn(X)

Ao <>'7—% : Correlation function of the axial current

L 1 O M L
xo CI/M ]
dx AO(X)A(T)(O) S [Cps (Mp/N)? dBx ASRE(x) Altat L1_“(|0)
QcD stat
+O(1/Mb) AEAQCD
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HQET — An asymptotic expansion of QCD

Composite fields involving b-quarks also translate to the effective theory:
Ao(X) = W(X)yoysWs(x)  —  AF =W (X)yoysWh(x)

Ao <>':Olo . Correlation function of the axial current

d3x AO(X)AE)(O) o [Cps (Mb//\)]z d3x Agtat(x) Astat (0)
QCeb stat
+O(1/Mb) /\EAQCD

Generic structure of the HQET-expansion of QCD matrix elements

® = (B|Ag|0): cDQCDzFB\/m—:pﬁS(W/\B qa L0 (/M)

conversion function RGI matrix element
< renormalization in effective theory

@ In HQET: Absence of chiral symmetry as it is met in (massless) QCD
implies a scale dependence ostat(y) = Z5@t(u) (B | AR 0)

@ My = scale & scheme independent (RG-invariant) quark mass

R R R R R R R
Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD

Evaluation of the conversion function for the axial current:

PP = Cpg(Mp/A) X Drg + O(1/My) (%)
£ Crnaten (Mb/W) X Pis(H) + O(1/mp)
Dre o
= Cps (Mp/A) = Cpaten(1) x g:gﬂ g=0ws \=Nys
] b5
: Igbogz(mb) %/(Zbo) exp I%mb) dg ymatch(g) B ﬁ
0 B(9) bog
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HQET — An asymptotic expansion of QCD

Evaluation of the conversion function for the axial current:

®RCP  —  Cps(Mp/A) x Prg + O(1/Mp) (%)
£ Crnaten (Mb/W) X Pis(H) + O(1/mp)
(O _
= Cps (Mp/A) = Cpaten(1) x gz(ellvt) g=0ws \=Nys
= ] ch—
= g my) T oy ) dg Yo(@) Yo
0 B(g) bog
Cps perturbatively under control [3-loop AD by Chetyrkin & Grozin, 2003 ]
Ceslte/ M) 3 @ Anomalous dimension in the matching

14 - 1-loo: - . . _
A »73  scheme: y™(g) = yMS(g) + p(q)
(with a contribution p(g) from Cmatch)

@ Advantage of ratio of RGIs M/A:
This can be fixed in lattice calculations
without perturbative errors

(; — ‘0.05‘ - ‘0.1 — A‘ﬁ/‘M
uncertainty for M [ Mparm:
= 0.5 (3-loop — 2-loop)

® Cps defined non-perturbatively via (%)
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HQET — An asymptotic expansion of QCD
Non-perturbative tests of HQET

Work in finite volume [H., Juttner, Sommer & Wennekers, JHEP 0411(2004)048 ]
@ such that am;, < 1 to take IimO ®CP: | ~ 0.2fm, a = (0.006 —0.02) fm
a—
@ Boundary conditions:
Dirichlet in time, periodic in space
— Correlation functions fa(Xo) = f, =

%=T %= T

Jochen Heitger Non-perturbative HQET



HQET — An asymptotic expansion of QCD
Non-perturbative tests of HQET

Work in finite volume [H., Juttner, Sommer & Wennekers, JHEP 0411(2004)048 ]

@ such that am;, < 1 to take IimO ®CP: | ~ 0.2fm, a = (0.006 —0.02) fm
a—
@ Boundary conditions:

Dirichlet in time, periodic in space _ _
— Correlation functions fa(Xo) = f, =
fA(T/2 P S
Observable: Ypg(L, M) = Zx all72) , T=L uw» b

N
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HQET — An asymptotic expansion of QCD
Non-perturbative tests of HQET

Work in finite volume [H., Juttner, Sommer & Wennekers, JHEP 0411(2004)048 ]

@ such that amp, < 1 to take IimO ®CP: | ~0.2fm, a = (0.006 —0.02) fm

a—
@ Boundary conditions:

Dirichlet in time, periodic in space
— Correlation functions fa(Xo) = f, =

%=0 %=0

fa(T/2 — —
A( / ) , T=L LxLxL LxLxL
Vi

Typical result in the quenched approximation

Yes/Cog
T

11

%=T %= T

Observable: Yps(L, M) = Za

———— 7 @ HQET is applicable as long as 1/L < M

; i,}({,{) 1 PR Expect large-mass asymptotics (z = ML)
v i/;;}/i""’% Yes(L, M) M 2% Cps(M/A)Xrai (L) + O(1/2)
L @ Agrees with HQET prediction for 1/z — 0

@ Compatibility with 1/z—corrections

ré linear (1/2z<0.2)
1.3 3 -
-~~~ quadratic

O U B
0 0.1 0.2 03 1/z
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Non-perturbative HQET

Non-perturbative formulation of
Heavy Quark Effective Theory

Jochen Heitger Non-perturbative HQET



Non-perturbative HQET

Non-perturbative formulation of HQET

. . . H. & Sommer, JHEP0402(2004)022
Beyond the stati roximation

Y 4 I_C_I%Qﬁ L1 q)l ™)
SHoeT = a Loat(X)+ L%, LX) = oML (x)

X v=1 i

Lstat W [V + 6m]% — Eichten-Hill action

) L chromomagnetic interaction

_ ! B _

L Wn —20-B Wn = Ospin with the gluon field

1 — Inetic energy from hea
L7 = Wn —3D° W = Okin oy W

quark’s residual motion
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Non-perturbative HQET

Non-perturbative formulation of HQET

. . . H. & Sommer, JHEP0402(2004)022
Beyond the stati roximation

Y 4 I_C_I%Qﬁ L1 q)l ™)
SHoeT = a Loat(X)+ L%, LX) = oML (x)

X v=1 i

Lstat W [V + 6m]% — Eichten-Hill action

) L chromomagnetic interaction

_ ! B _

L Wn —20-B Wn = Ospin with the gluon field

1 — Inetic energy from hea
L7 = Wn —3D° W = Okin oy "

quark’s residual motion

@ Effective theory regularized on a space-time lattice
@ dM, w = w(gp, m) to be determined such that HQET matches QCD
At classical level: Wspin = Wkin = 1/mM + O(g3) , dm = 0+ O(g3)
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Non-perturbative HQET

Non-perturbative formulation of HQET
H. & Sommer, JHEP0402(2004)022

Beyond the stanil_c—ﬁ_igﬁroximation
};_; 1 |;_)|
w;" Li(“’)(x)

Shoet = a* Loar(X)+ LX), LO(x) =

x v=1 i
Loat = Wn[VH+ 6m]% — Eichten-Hill action
) L chromomagnetic interaction
— m —_— l . pu— H
Li7 = Wn 20-B Un = Osin — with the gluon field
L(l) = EJ 112 . — O . I%’netic energy from heavy
2° = WUn 2 Wh = Okin quark’s residual motion

@ Effective theory regularized on a space-time lattice
@ dM, w = w(gp, m) to be determined such that HQET matches QCD

At classical level: Wspin = Wkin = 1/mM + O(g3) , dm = 0+ O(g3)
@ Analogously: Composite fields in the effective theory, e.g.

AP~ B B

1+O(90) Astat(x)
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Non-perturbative HQET

Expectation values
Path integral representation at the quantum level
1 1]
1

(0) = 7 D[Pp] Olp] e ~Cre*Sneer) 7 —  Dlp] @ ~(Srer*Sroer)

Now the integrand is expanded in a power series in 1/m

exp{—Snqet) =

[ I — q q (- L
exp —a®  Lsar(X) 1 a’ )(x) + § a* )(x at LX) +...

L] 1 1
) 1 —
= (0)== Dple S LI 1-a* _TW(x) + ...

2|~
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Non-perturbative HQET

Expectation values

Path integral representation at the quantum level

- -
(O) = > D[] O[] e ~Srei*Srcer) 2 = D) e (Sra*Sneer)

Now the integrand is expanded in a power series in 1/m

exp {—Shoet} =

1 q |:(! - |-
Lstat(X) 1 at (x)+ 3§ a’ ) (x at L LO(X) +...

exp —a* _[C
[] L1
= (0)=7 Digle Swe’ a0 1 q) .

Important (but not automatic) implications of this definition of HQET

@ 1/m-—terms appear only as insertions of local operators
= Power counting: Renormalizability at any given order in 1/m

@ & Existence of the continuum limit with universality
o Effective theory = Continuum asymptotic expansion in 1/m

Jochen Heitger Non-perturbative HQET




Expectation values
Path integral representation at the quantum level
1 L] ]

(0O) = 7 D] O[] e ~(Srei+ShgeT) 2= D[] o~ (Srei+SnqeT)

Now the integrand is expanded in a power series in 1/m
exp{—Swoet) =

1 [
exp I;Ia“ mﬁstat(x)lij—Tla4 XLA)(X)+ G Eb = EE) .

L1
L o)=L pigleset Pt 1o a q) .
Z
Explicitly:
A 1 A 1
(0) = (O)stat + Wkin& <Ookin(x)>stat+wspina <Oospin(x)>stat
= (O)stat + Wkin(O)kin + Wspin{O )spin
- I | -
(O)stat 7 g P —a'  Lignt(x) + L3 (x)
ields

X
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Non-perturbative HQET

Renormalization
We assume massless quarks except the b and no 1/m—termin O

f Mp//\, Xo/A)L =
(fa)g (Mp XOI:l] O e
ZEQETe T MbareXo AStat( ) O 1+ (Dkin y okin(y) + (*)spin yospin(y)

+ CAQET 6Astato
1
ZHQETe—nlbareXo fstat . fkin . fSpin QETfstat
A A T WkinTa + WspinTy +Cp

stat

Stat %=T

= Effective theory receives renormalizations in =0

HQET HQET

Wkin Wspin
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Non-perturbative HQET

Renormalization
We assume massless quarks except the b and no 1/m—termin O

(fa)gr (Mp/A, Xol/l_l':

= —1 —
Z/H\QETe —MpareX0 A(s)tat(X] 0O 1+ win y(‘)kin(y) + Wspin yospin(y) -
HQET L stat o =
+ CA 6A0 O stat = %=T
1 1

Z:QETe*mbareXO fSAtat+wkinf§n +mspinf§)IH+C:QETf%t2t

= Effective theory receives renormalizations in %m0
HQET
Ca

Wkin Wspin b

- - I R e
ORd_S =Zo 0_5 +  kCx Okd_4 , Ck=a Ck) =4F C(kl)gg AF ono

= for a — 0 divergent remainder, if ¢y are only perturbatively calculated

Example at the static level: . .
Linearly divergent counterterm dm o 1/a originates from mixing of W,DoWy with W,Wh

= Non-pert. renormalization of HQET needed to have a continuum limit

v
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Non-perturbative HQET

Renormalization
We assume massless quarks except the b and no 1/m—termin O

(fa)r (Mo/A\, Xol/%:

= —1 —
Z;‘\QETe —Mpare X0 A(S)tat(x) O l + (A)kin l:"Qr)kin (y) + (A)spin yOSPin (y) stat
4 CHQET %IAstat 0] - — %=T
A 0 stat
1 1
ZHQET —Mpare X0 fstat + wklan + (*)Splnfspm + CHQETfStat
= Effective theory receives renormalizations in %m0
HQET HQET oo
Mpare = Mp + 0M ZAQ CAQ Win Wspin b
Another example at the 1/m level
— |
(Okinlk = Zkin Okin + lthDoLIJh + UJhlth

Egs. of motion — Doy =0 cgla2 absorbed iN Mpare

HQET

stat L) stat d1 pstat -
Similarly: A 1/m —correction is in cy ~1/mp, (BAF™)g = Zsa OAFH + LAY

= Non-perturbative c;,d; are required for the continuum limit to exist

Jochen Heitger Non-perturbative HQET



Non-perturbative HQET

Solution: Non-perturbative matching of HQET and QCD

H. & Sommer, JHEP0402(2004)022

Effective theory approximates QCD,
if the coefficients {cy} are chosen correctly such that

] ]
OHET (M) = d°P(M) + 0 1/[rgM]™*?

M = RG-invariant (heavy) quark mass
(free of renormalization scheme dependence)
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Non-perturbative HQET

Solution: Non-perturbative matching of HQET and QCD

H. & Sommer, JHEP0402(2004)022

Effective theory approximates QCD,
if the coefficients {cy} are chosen correctly such that

L] O
OTET(IM) = ®XP(M) + 0 U[rpM]™*?

M = RG-invariant (heavy) quark mass
(free of renormalization scheme dependence)

Strategy to guarantee this equivalence of HQET and QCD

Fix the coefficients of regularized HQET by imposing matching conditions
L1

1
||QEQET(M)=¢SCD(M) k=1,...,Nuger ™ =

@ (%) determines the set {cy} for any lattice spacing (bare coupling)

Qo CDSCD = Renormalized quantities, computable for a — 0 in QCD
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Non-perturbative HQET

Solution: Non-perturbative matching of HQET and QCD

H. & Sommer, JHEP0402(2004)022

Effective theory approximates QCD,
if the coefficients {cy} are chosen correctly such that

L] O
OTET(IM) = ®XP(M) + 0 U[rpM]™*?

M = RG-invariant (heavy) quark mass
(free of renormalization scheme dependence)

Strategy to guarantee this equivalence of HQET and QCD

Fix the coefficients of regularized HQET by imposing matching conditions
L1

1
||QEQET(M) = O (M) k=1,...,Nuger ™ =

@ (%) determines the set {cy} for any lattice spacing (bare coupling)

Qo CDSCD = Renormalized quantities, computable for a — 0 in QCD

How to treat the heavy quark as particle with finite mass on the lattice ?
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD
Objection: Requires to simulate the b-quark as a relativistic particle
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD
Objection: Requires to simulate the b-quark as a relativistic particle
= Trick: Start with QCD in small volume V = L* L =Ly ~ 0.2fm
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Non-perturbative HQET

Idea: Employing finite volumes

Goal: Non-perturbative matching of HQET & QCD
Objection: Requires to simulate the b-quark as a relativistic particle
= Trick: Start with QCD in small volume V = L4 L = Lo ~ 0.2fm

QCD HQET

Matching conditions

QCD __ 4 HQET
O =Dy

=5
o
\

=5
o
A
A

for observables ®©;

> (e.g. matrix elements) o

[ HQET parameters fixed by relating them to QCD observables in small V
[ Tkgitimate: Underlying Lagrangian does not know about the finite V!
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Non-perturbative HQET

Connecting small and large volumes

(%) infinite V:  ®HET(LM) =dP(L,M)  k=1,...,Npoer

@ Typical choice: L = Lg ~ 0.2 — 0.4fm, very small lattice spacings
@ Large volumes required to extract physical observables (e.g. mg, Fg,)
— How can we bridge the gap to practicable lattice spacings ?
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Non-perturbative HQET

Connecting small and large volumes

(%) infinite V:  ®HET(LM) =dP(L,M)  k=1,...,Npoer

@ Typical choice: L = Lg ~ 0.2 — 0.4fm, very small lattice spacings
@ Large volumes required to extract physical observables (e.g. mg, Fg,)
— How can we bridge the gap to practicable lattice spacings ?

Recursive finite-size scaling

q’HQ%( [ Liischer, Weisz & Wolff, 1991; PEHA, 1993-2005]
| @ Non-perturbative, continuum limit exists
% PHRET (g ) @ Use of the QCD Schrodinger Functional
CEr 7 7 . f @ Change L — 2L via step scaling functions
oo @! (=
11 Lhph o2 =0 ®FFT(L),j=1,...,N

— Large V, where the B fits comfortably

v

= First fully non-perturbative formulation of HQET, including matching
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Applications

Applications

[ The b-quark’s mass
[ The Bs-meson decay constant
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Applications \% ™S

Computation of My, in lowest-order of HQET

H. & Sommer, JHEP0402(2004)022

Introduce L—dependent energies H. & Wennekers, JHEP0402(2004)064

from correlators in the B-channel (and with SF boundary conditions):

r(L,M) ~ B-meson mass in a finite volume of extent L4
fsat(L) ~  energy of a state with B-meson quantum numbers in L*
C(xo, :
. > A d
Z, 0 — F(L,M)——d—XOIn[ (X0, M] =y
=0 Xo =1L
Cstat(Xo) :

Sl

X
Q at d
sta
zh A — rstat(l_) = _d_XO In [Cstat(XO)] o=
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Applications \% ™S

= Matching condition by equating in small volume with linear extent Lo :
Mstat(Lo) + Mpare = (Lo, Mp) [Recall: Mpge =M + L In(1+adm)]

X0 Xp — ©°

As C(xp) <~ emmexo gnd Cstat(Xg) ~ e~ FsaXo jnthe large—L
limit, we have to connect this condition (by finite-size scaling) to

Estat + Mpare = Mp
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Applications \% ™S
= Matching condition by equating in small volume with linear extent Lg :

Mstat(Lo) + Mpare = I (Lo, Mp) [Recall: Mpge =M + L In(1+adm)]

X0 —

As C(xp) HTT emmexo gngd Cstat(Xo) ~ “ e Esatxo in the large—L
limit, we have to connect this condition (by finite-size scaling) to

Estat + Mpare = Mg

Sketch of the method
| Lattice with amp, < 1 |

mg = 5.4 GeV _ 7 (Lo, M)

‘I—_ain— I_stat I-l ‘I—_ab rstat(l—o)

@ A step scaling function om(u) = 2L [Teat(2L) — Mstat(L) ] bridges
between small & larger volumes by evolving Lg — Ly = 22Ly ~ 1fm

@ For L ~ 2fm @ same resolution:
Physical situation to accommodate (& calculate) B-meson properties

T — e T—
Jochen Heitger Non-perturbative HQET
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Mp

Applications
L]

= Equation to solve for the b-quall%mass:
Lom$® — Lo [Tstat(L2) — Mstat(Lo) ] — [ Estat — Mstat(L2) | .

( = Lo
O rof (py M= Lome e
=" Qqcp in QCD (Lg) cEOQHQET in HQET (contains o)

@ Divergent static quark’s self-energy dm cancels in differences!
@ (Lo, M) carries entire (relativistic) heavy quark mass dependence
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Applications \% ™S

= Equation to solve for the b-quellr:k]mass:

[ ]
= mS® — Lo [Tetar(Lz) — Mstat(Lo)] — [Estat — Mstac(L2) ]

rof (oM [T0 -

azf Qqcp in QCD (Lé)

uéoQHQET in HQET (contains o)

@ Divergent static quark’s self-energy dm cancels in differences!
@ (Lo, M) carries entire (relativistic) heavy quark mass dependence

QCD (z=LgM > 1, Lo~ 0.2fm) | Quenched static result

TTTTTTTTTTTTTT

45 F

4757 : lllllllLllllllllll
“TE ' . 5 55 °*6 6.5 LM

46 : @ O(a) improved QCD & HQET

4.25 — —
12 W/ E @ NP renormalization & Cont. limit
4D : ‘ == 15 N ()

o J) T ooz 0,004 0008 (a/L)2 mt')vls mgvls :4'12(8) GeV + O(MLb)
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Inclusion of 1/m-terms in the computation of My,
Della Morte, Garron, Sommer & Papinutto, hep-ph/0609294
Mg at next-to-leading order of HQET

Mg = Estat + Mpare + WkinEkin + WspinEspin

® Eiin, Espin associated with (y,(—3D?)yy, and Py, (—30 - B)yy in LD
— Three observables ®4, ®,, ®3 required in the matching step
@ Considering the spin-averaged B-meson instead, wspin cancels:

(aV)
— 4 mB ‘l‘ 4 mB = Estat + Mpare + WkinExkin

— Only two obervables ®;, ®, necessary
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Inclusion of 1/m-terms in the computation of My,
Della Morte, Garron, Sommer & Papinutto, hep-ph/0609294
Mg at next-to-leading order of HQET

Mg = Estat + Mpare + WkinEkin + WspinEspin

® Eiin, Espin associated with (y,(—3D?)yy, and Py, (—30 - B)yy in LD
— Three observables ®4, ®,, ®3 required in the matching step
@ Considering the spin-averaged B-meson instead, wspin cancels:

(av) 1 3 Ll
mB = Mg =+ 2 mB = Estat + Mpare + (A)kinEkin

— Only two obervables @, ®, necessary

The previous strategy now extends to

| Lattice with am;, < 1 |
Ly ~ 0.4fm, L, = 2L,

mg = 5.4GeV . @4 (L1, M), ®3(L1, M)
| up = g°(L1) l
HQET HQET — Om(u1) HQET HQET
DT (Ly), ®YET(Ly) OYET(Ly), ®YET(Ly)

" (u1), 05" (u1) )
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Matching formula = Static part + 1/m-correction:
(av) stat L L stat L]
L, mg = Lomg = Ly Estar — % (L2) +0m(u) +2P;(Ly, M)
—1 Cl _ ]
+ L m(l) = o§"(ug)Dy1(L1, M) + Ly Exin — ML) wiin

Implementation
As in the static case, but technical details more involved (& omitted here)
[SF boundary conditions, i.e. T x L3, Dirichlet at xg = 0, T, fermion
fields periodic in space modulo a phase: ((x + Lk) = e10y(x)
[Aloid extra term (L f32%) in boundary-to-Ag correlator by boundary-
to-boundary ones W|th pseudoscalar or vector quantum numbers

(fl)R (T) = Zpoundary g Mol fitat + (*)kinflfn + wspinfipm )

LLLLL

[dl;: Suitable ratios of f1(8), (85 such that Z—factors drop out
®,: Spin-averaged energy 'y = —a7 INF$" = Myare + M5 + QM KN
plus corresponding step scaling functions ™" (u), o5 (u)

Jochen Heitger Non-perturbative HQET



Applications \% ™S

Examples for continuum limit extrapolations (quenched)

Note: 1/m—terms approach a = 0 onlvy with a rate < a

10 10 ‘ ‘ ‘
3 [Ne:
|- o -
95 7 87 — 0.1 % uncertainty on M, |
I . o 1
qu 9 _ 22km L I ]
L | 4 |
85k R [ 1
2+ 4
85 o005~ 0001 00015 0002  000%5 T S —
@L)® alL
9o Left:
Dimensionless spin-averaged finite-volume energy from f1 in QCD
@ Right:
Cancellation of 1/a% power-divergence in o§" = lim, ; _, o ZKin
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19 . . . ;

g s | © Left: Leading order (= static)
oL@ 5 o ] [ hjighe =0 & Ly ~ 0.4 fm

16 ] CIaput: rom$™,rp = 0.5fm

T s 7 [—Brror dominated by that on Zy in
14? O L,m™-L,E“r (L) o, ] LM = ZM Z (l + bmamq) X Lmq
13- o ma" ] (NP known incl. O(a) [ P%EHAT)

Quenched b-quark’s mass to order A?/my in HQET

@ Resultin the MS scheme:

mp(mp) = miP4m®  m® = _27(22) Mev
= 4.347(48) GeV
@ Though quenched approximation, well within range quoted by PDG

o Difficult piece: Large-volume HQET matrix element [Eyin — K" (Ly)]

v
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Determination of Fg,

Composite fields involving b-quarks translate to the effective theory as

Ao(X) = Yi(X)YoYsWp(X) — AR = P)(X)YoYsWh(x)

Ao <>'7—% : Correlation function of the axial current

(I 1 (I | 1
xo CIZM ]
d®x Ag(x)Al(0) ooo T [Cps (Mp/A)? B AR (x) Agtat@(m e
+0(1/My) N\ = Nagcp
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Determination of Fg,

Composite fields involving b-quarks translate to the effective theory as

Ao(X) = U(X)YoysWp(x)  —  AF = Uy(X)YoYsWn(x)

Ap @% : Correlation function of the axial current

(I 1 (I 1
d®  Ag(x)Ag(0) A Cos (Mb/A2 dPx AR (x JA““@
QCD stat
+0(1/My) N\ = Nagcp

Generic structure of the HQET-expansion of QCD matrix elements

® = (B|Ag|0): anCD;FB\/m—B:1;F1S(|xflp(/\txT stat | o (1/My,)

conversion function RGI matrix element
< renormalization in effective theory

In HQET:
Absence of an axial Ward identity to protect the axial current from a scale
dependence (as in QCD) implies ostat(y) = Z5@t(u) (B AR [0)

Jochen Heitger Non-perturbative HQET
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Generic structure of the HQET-expansion of QCD matrix elements

= (B|A|0): QDQCDEFB\/m—:PHS(W/\B St 4 0(1/Mp)

conversion function RGI matrix element
< renormalization in effective theory

In HQET:
Absence of an axial Ward identity to protect the axial current from a scale
dependence (as in QCD) implies ostat(p) = Z5@t(u) (B| AR 0)

| o I
Cl L3/ 2v0) hsom Evlmatc"(g) Yo

) = 2_ .
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Generic structure of the HQET-expansion of QCD matrix elements

® = (B|Ag|0): CDQCDEFB\/m—:?HS(W/\B 2 1 0(1/Myp)

conversion function RGI matrix element
< renormalization  in effective theory

In HQET:
Absence of an axial Ward identity to protect the axial current from a scale
dependence (as in QCD) implies ostat(y) = Z5t(u) (BIA™[0)

2-step strategy to obtain Fg, through lattice QCD [ , PLB581(2004)93 ]
(1) Calculation of Fg, in lowest order of HQET (= static approximation)
Fgy/Mg = Cps (Mp/A) x & il — Zpg (B AF0)

] 1
q;%tgtl(xo) o Zra X .IsAtat(XO)/ fsltat x @ (0= T/2Estat(x0) i the SE

Nf = 0: non-perturbative Zgg| known [H., Kurth & Sommer, 2003 ]

(2) Combine this with QCD results for Fps(mps) around the charm quark
mass region by (linear) interpolation in 1/mpsg

v

Jochen Heitger Non-perturbative HQET




Applications Fgs

2-step strategy to obtain Fg, through lattice QCD [ , PLB581(2004)93 ]

(1) Calculation of Fg, in lowest order of HQET (= static approximation)
Fgy/Mp = Cps (Mp/A\) x DR ¥ = Zpg (B|AF|0)

(| 1
q)%g';(Xo) o Zgal X ﬁ;at(Xo)/ fitat X e(XU_T/Z)EStat(XO) in the SF

Nf = 0: non-perturbative Zgg known [H., Kurth & Sommer, 2003 ]

(2) Combine this with QCD results for Fps(mps) around the charm quark
mass region by (linear) interpolation in 1/mpsg

Result in the quenched approximation

(1) Della Morte, Durr, Guazzini, H., Juttner & Sommer, in preparation
g2

s Fison 4 qF improvea | 4 @ Large-volumes, a ~ (0.09 — 0.05) fm
25| L 1 @ Non-perturbative O(a) improvement

a=0.1fm

2| b _ - o Static action with reduced errors (HYP)
r ‘/):Ij’jm i i/"’/m/m i

L., 1.1 @ Wave functions at the boundaries
0 0.1 02 0.3 0 0.02 0.04

a/r, (a/ry)?

Jochen Heitger Non-perturbative HQET
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2-step strategy to obtain Fg, through lattice QCD [ , PLB581(2004)93 ]

(1) Calculation of Fg, in lowest order of HQET (= static approximation)
Fgy/Mpg = Cps (Mp/A) x & ot = 76, (B A 0)
Ddbﬁfgt,(xo) o Zro % T (xo)/ I%ml x g (0~ T/DEsat(x0) i the SF
Nf = 0: non-perturbative Zgg known [H., Kurth & Sommer, 2003 ]

(2) Combine this with QCD results for Fps(mps) around the charm quark
mass region by (linear) interpolation in 1/mpsg

Result in the quenched approximation

2) Della Morte, Durr, Guazzini, H., Juttner & Sommer, in preparation
1.0]\\\‘HHI\"H\‘H\HH[\T\“IHHHH\‘HHHHA ) |nterpo|at|on between LO HQET & FDS
[ B D ]
St ) ’ . @ Use:
\KM? i Fps(mps) for mps ~ (0.8 — 1.8) x Mp,
€. E @ The linear fitin 1/(mpsro)
. ] [id motivated by HQET
L l l l ] [ylelds Fg, = 191(5) MeV  (prelim.!)
osfielnnbililig

03 1/(romps)
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Towards Fg* in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

Scale dependent renormalization ALPHA 5 H., in progress
of the static-light axial current
Ppare(do) = (PS|AF™[0) AT (X) = Uy (x)YoYsWh(x)
do _
(W) = (PS|(AZ")o(1)[0) o =vY(g)P
1 1 1
= =2 =2 ; T . ni
Y@ ~ —0g° Yo+VviO + ... with Yo = > 1 universal
g0 an
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Towards Fg* in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

Scale dependent renormalization ALPHA 5 H., in progress
of the static-light axial current
Ppare(do) = (PS|AFH|0) AF(X) = Yi(X)YoYsWh(x)
do _
®(u) = (PS|(AF*)o(W)|0) Mgy = Y@e
Strategy for a non-perturbative solution:
q)bare(go)
q)inter(u)
(DRGI
I I I I -
100 MeV 1 GeV 10 GeV 100 GeV M =00
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Towards Fg* in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

Scale dependent renormalization ALPHA 5 H., in progress
of the static-light axial current
Ppare(do) = (PS|AFH|0) AF(X) = Yi(X)YoYsWh(x)
do _
®(u) = (PS|(AF*)o(W)|0) Mgy = Y@e
Strategy for a non-perturbative solution:
q)bare(go)
Mpert
q)inter(l-J-)
cl:)RGI
I I I I -
100 MeV 1GeV 10 GeV 100 GeV H=o0
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Towards Fg* in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

Scale dependent renormalization ALPHA 5 H., in progress
of the static-light axial current
Ppare(do) = (PS|AFH|0) AF(X) = Yi(X)YoYsWh(x)
do _
®(u) = (PS|(AF*)o(W)|0) Mgy = Y@e
Strategy for a non-perturbative solution:
q)bare(go)
Mpert
q)inter(u)
(DRGI
I I I I -
100 MeV 1 GeV 10 GeV 100 GeV M =00
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Towards Fg* in two-flavour QCD
Della Morte, Fritzsch & H., hep-lat/0611036

Scale dependent renormalization ALPHA 5 H., in progress
of the static-light axial current
Ppare(do) = (PS|AFH|0) AF(X) = Yi(X)YoYsWh(x)
do _
®(u) = (PS|(AF*)o(W)|0) Mgy = Y@e
Strategy for a non-perturbative solution:
(Dbare(go)
"Dinter[u)
CDRGI
q)match(u)
I I I I - -
100 MeV 1GeV 10 GeV 100 GeV M =00
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Towards Fg* in two-flavour QCD

Della Morte, Fritzsch & H., hep-lat/0611036
Scale dependent renormalization ALPHA 5 H., in progress

of the static-light axial current
Ppare(do) = (PS|AFH|0) AF(X) = Yi(X)YoYsWh(x)

O (1) = (PS| (A1) 0) uf'%’ —y(@®

Matching via the RGI matrix element ®rg| = Zrg ( PS| A3 |0)

DYO/(zbo) WoY(E) Yo
(0} = 2b exp — dg — — —
RGI (1) g p 6 g B(g)  bog
()
Drgl = RCI X lZ%tat(go,L/a E|L=LmaDX ®pare(Jo)

D) — = /Lma
D—. ﬁ]j_EI regularization dependent
universal, continuum

= ZRGI(QO) ('Dbare(go) [P = Dinger | )
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Intermediate renormalization scheme = Schrodinger Functional
@ Step scaling function:

O(W2)  Z2L) e zstat (g, 2L/a)
= stat » Oa (U) stat
d(p) Z3* (L) ™

= sy, a/L)

o (u) =
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Intermediate renormalization scheme = Schrodinger Functional
@ Step scaling function:

d(u/2)  ZRE2L) stat Z3% (go, 2L/a)

stat(, .y _
Aoy T gEy O T e, 17a,

@ Final results: Zzi\m(u,a/L)
[Zkei(90)
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Intermediate renormalization scheme = Schrodinger Functional
@ Step scaling function:

D(W/2)  Z7E2L) ZStat(g 2L/a)

stat stat
Oa (U) = = op~ (U) =
A » Oa
CD(L[) Zfat(L) Estat
@ Final results: E>:?fat(urﬁl/L)
[Zkei(9o)
[ nbn-perturbative running versus perturbation theory
F L B B B
O‘i‘f“(u) : Nrf’) :
0.98 r B
0.96 } N {
0.94 — \x\{
0.92 i 1-1p: 1+s5u 7:
- R-1p: 1+sputs,u? B
[ 1+8,u+s,u?+sftud+sftut ]
0.9 PRI NS SR A SRS !
0 1 2 3

u
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Intermediate renormalization scheme = Schrodinger Functional
@ Step scaling function:

O(W2)  ZEL) zstat(g 2L/a)

oxt(u) = = , op(u) =
o) Zstat L stat
@ Final results: =5 (u,a/L)
[Zkci(9o)

[ nbn-perturbative running versus perturbation theory

S(1)/ gy |

156 -

14

1.3 -

12 -

SF scheme, N=2 |

1-loop 7, 2—loop B
11 - —
R— loop ’y 3- loop 8
il Connl

10 1DD

L
/J'/A IOOO
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Intermediate renormalization scheme = Schrodinger Functional
@ Step scaling function:

D(u/2) ZSAtat(ZL) GStat(u) . ZStat(g 2L/a)
— “—stat YA stat
®(u) Z32 L) [Eﬁ I:I

@ Final results: =53(u,a/L)

[Zkei(9o)

[ nbn-perturbative running versus perturbation theory

o3 () =

T
S(1)/ gy |
15
Crs(Mz/ M) F————T—T———T 3
v 1.4}\\ N=2 ---- 1-loop 7]
F N —— 2-loop 7 1
13 i3 } e T 3-loop 7{
12+ 1o
SF scheme, N=2 | F
¢ 1-loop 7, 2—loop B L
M 2-loop 7, 3—loop § | 1.1 =
T T AT R PN T T Y N N S S S

1
10 100 IJ'/A 1000 0 0.05 0.1 AE/M
(Nt = 2 conversion function)

Jochen Heitger Non-perturbative HQET



Applications Fp.

S

Calculation of the bare matrix element of the static current
based on L2HA's N = 2 configurations from large-volume simulations
CV=13xT=24%x32B=53, k=0.1355
[ Modified static discretizations yielding improved statistical accuracy
(HYP-smearing)

[ Uske of wave functions w; at the boundaries of the SF to suppress
excited B-meson state contributions to the correlation functions
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Calculation of the bare matrix element of the static current
based on Pt&HA's N; = 2 configurations from large-volume simulations

[V =L3xT=243x32 B =53 K=0.1355

[ Modified static discretizations yielding improved statistical accuracy
(HYP-smearing)

[ Use of wave functions w; at the boundaries of the SF to suppress
excited B-meson state contributions to the correlation functions

B-meson SF correlation functions on the lattice:
6 L1

(%0, 0) = ~3((AT™)o(x) O(w)) , O(@) = 25 Glylys 0y —2)(2)

6

26 L2
2T, wi, wj) = —1(0Hw;)0(w;)) , OHw) = z G Hy)ys w(y — 2)¢n Hz2)
y,Z
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Calculation of the bare matrix element of the static current
based on P&HA's N; = 2 configurations from large-volume simulations
[CWVI=13%3xT=24%x%x32B=5.3, k=0.1355
[ Modified static discretizations yielding improved statistical accuracy
(HYP-smearing)
[ Use of wave functions w; at the boundaries of the SF to suppress
excited B-meson state contributions to the correlation functions

Observables
Effective energy:

1 Ol ]
EerfXo, i) = o In 2 xo — a, w;)/fA (X0 + a, wy)

(Local) static-light decay constant (resp. RGI matrix element of Agtat):

DRrai(Xo, i) = Zgrel (1+bXamg) x Ppare(Xo, W)
Stat (%0 G )
Ppare(Xo, Wi) = 21.3/2 '_t’e“ I e (xo—T/2) Eertxo, wi)

LT, 0, ;)
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® Results:

%,/
0 4 8 12 16 20 =24 28 32 X,/

aEg, T T T T T ™) 0 4 8 12 16 20 =24 28 32
oas [ o 1 a2, [T
[ . ] [ ]
t 1 02 =

a ] al
o4z 3 1 [ TIIRRIIITII ALY 1
[ 5 IJHT ] F TeLITITITITRL L 1
% 0.18 - i N B
0.4 | * lf — [ % 1
[ ] o016 [ % B
0.38 - 243x32 .| r 1
F 24%x32 1
[ 6=53 1 L g:;:a 1
[ s=0.13s5 1 014 - % =0.1355 ]
0.36 [~ HYP2 action ] r HYPZ action 1
I IR Y SO B R BRI P H H B S PR
0 0.2 0.4 0.6 0.8 1 o 0.2 04 0.6 0.8 1

%o/ T %o/T
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@ Results: x/a
0 4 8 12 16 20 24 28 32 X,/
aEg T T T T T T ] 0 4 8 12 16 20 24 28 32
0.44 - ° 4 a¥/2p, [T T T
[ ¢ b oz il i
o4z 3 ] TIIRRIIITII ALY
s o 3dlg . JIUIIITTITLE ]
0.4 ¢ % E r %
[, ] o016 [ % -
0.38 - ;‘i;@: ] [ 24932
[ 5:0:1355 ] 014 | % ﬂf” |
0.36 [ HYP2 action ] [ ;;;;ii?.ion ]
0 ‘0‘.2‘ ‘ ‘OL}‘ ‘ ‘0.‘6‘ ‘ ‘0‘.8‘ - 1 (}‘ ‘ ‘0‘2‘ ‘ ‘0.‘4‘ ‘ ‘0.‘6‘ ‘ ‘O.‘B‘ - 1
/T *o/T
Conversion to the physical decay constant, employing
[Cal=0.078(1)fm at 3 =5.3 [ Del Debbio et al., hep-lat/0610059 ]

[ Qps(Mp/Agzs) = 1.24(3) using My, = 6.758(86) GeV
[ ALEHA | Della Morte et al., hep-lat/0610059 ]

= a%2®pg =0.143(5) — FF2* =297(14)MeV (a ~ 0.08fm)
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@ Results: x/a
0 4 8 12 16 20 24 28 32 X,/
aEg T T T T T T ] 0 4 8 12 16 20 24 28 32
0.44 - ° 4 a¥/2p, [T T T
[ ¢ b oz il i
o4z 3 ] TIIRRIIITII ALY
s o 3dlg . IEASNANENARAEANDS ]
0.4 | ] lf E 1er %T
Lo, ] o016 [ % B
osn 10 ] ’ s
[ x=0. ] 0.14 = ]
096 | s : S ]
0 ‘0‘.2‘ ‘ ‘0[4‘ ‘ ‘0.‘6‘ ‘ ‘0‘.8‘ - 1 0‘ ‘ ‘0‘2‘ ‘ ‘0.‘4‘ ‘ ‘0.‘6‘ ‘ ‘O.‘B‘ - 1
/T *o/T
Conversion to the physical decay constant, employing
[Cal=0.078(1)fm at 3 =5.3 [ Del Debbio et al., hep-lat/0610059 ]

[ Qps(Mp/Agzs) = 1.24(3) using My, = 6.758(86) GeV
[ ALEHA | Della Morte et al., hep-lat/0610059 ]

= a%2®pg =0.143(5) — FF2* =297(14)MeV (a ~ 0.08fm)

@ Discussion:
[significantly larger than the best quenched result Fg, = 194(6) MeV
[Ciddicates an increase of either Fg_ or its 1/mp—corrections to the static
limit in the two-flavour theory
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Summary & Outlook
Summary & Outlook

[ New quality of the computations employing lattice HQET:
[ Nbn-perturbative formulation including the matching
@ based on general hypotheses
@ cures problem of power-law divergences, continuum limit exists
@ continuum limit at large quark masses (small-volume setup!)
@ numerical cost is rather moderate
[REenormalization of 1/m—terms can be performed non-perturbatively
[Physics results still quenched, but extension of the methods to QCD
with dynamical quarks (N¢ > 0) straightforward and already started
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Summary & Outlook
Summary & Outlook

[ New quality of the computations employing lattice HQET:
[ Nbn-perturbative formulation including the matching
@ based on general hypotheses
@ cures problem of power-law divergences, continuum limit exists
@ continuum limit at large quark masses (small-volume setup!)
@ numerical cost is rather moderate
[REenormalization of 1/m—terms can be performed non-perturbatively
[Physics results still quenched, but extension of the methods to QCD
with dynamical quarks (N¢ > 0) straightforward and already started

[ Promising perspectives for other B-physics observables:
— E.g. spin-splitting mg- — mg, B — B mixing parameter Bg
[ Palombi, Papinutto, Pena & Wittig, hep-lat/0604014 & in progress ]
— Decay constant Fg and NP matching for N = 2
[ Della Morte, Fritzsch & H., hep-lat/0611036; ALPHA S H., i progress |
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Summary & Outlook
Summary & Outlook

[ New quality of the computations employing lattice HQET:
[ Nbn-perturbative formulation including the matching
@ based on general hypotheses
@ cures problem of power-law divergences, continuum limit exists
@ continuum limit at large quark masses (small-volume setup!)
@ numerical cost is rather moderate
[REenormalization of 1/m—terms can be performed non-perturbatively
[Physics results still quenched, but extension of the methods to QCD
with dynamical quarks (N¢ > 0) straightforward and already started

[ Promising perspectives for other B-physics observables:
— E.g. spin-splitting mg- — mg, B — B mixing parameter Bg
[ Palombi, Papinutto, Pena & Wittig, hep-lat/0604014 & in progress ]
— Decay constant Fg and NP matching for N = 2
[ Della Morte, Fritzsch & H., hep-lat/0611036; ALPHA S H., i progress |

[Predictive power of LQCD demands high precision (few % errors):
— Need small enough lattice spacings and quark masses  — apeNEXT
— Expect impact on CKM phenomenology and the study of BSM physics
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