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Introduction

Introduction

@ Development of QED: Perturbative renormalisation
@ Kadanoff: Block spin transformations in statistical physics
@ Wilson: renormalisation group in statistical physics

@ Polchinski: Proof of perturbative renormalisability using
Wilson’s RG

@ Wetterich: Introduction of the average effective action:
non-perturbative renormalisation: ERGE
C. Wetterich, Phys.Lett.B301:90-94,1993
Application: e.g. possible non-perturbative
renormalisability of GRT: Quantum Einstein Gravity
(Reuter)
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The Generating Functional z;

Zljl = /DAxe_S[X]—ASk[XHj'X
1

IR-regularisation (mass term): z/hgn Ri(p) >
k*—0

recovering full theory: /hm Ri(p) =0
p*—0

input: bare action (T'y—oo — ) lim  Ri(p) — ¢

kK2—A—o00
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The Regulator Ri(p)

(d/dt) R,
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Zr — Wi — I't: The Average Effective Action I';

Zij] = pan
Lild] = —Wilji] +ji - & — ASk[¢]

with j, such that ¢ = 5“’(;[]1«]

J
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The ERGE for I'y

The Exact Renormalisation Group Equation

aTk[o] = %Tr [@Rk (rf) (6] + Rk)l}

82Tk [4)] d
5600 and k%_.a,

where F,Ez) [¢] =
@ I, interpolates between I'y—x = Spue and Ty =T
@ Physics for k > A is regarded as included already in T'y.

@ Therefore, cutoff A is NOT taken to oo, A stays large but
finite.
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Approximation schemes

Truncations should be systematic and consistent.

@ Derivative expansion

ol = [ a's {vio) + 20,07 + 0"

@ \ertex expansion

Tl = > % /ddxl o d T (X)) B(x) - ()
n=0
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Theory Space

Fk:/\ = Sbare

Y

r®
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Example: Propagator flow

52
5650

52
o = -
oY k(4] 5600

Tr [(de) (F,(f) 6] + Rk> _]}

=0 2
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Example: Propagator flow

52
5650

orfel= | Ln [(@m) (F,E”[¢]+Rk)_l}

=0 N 5§b 5é

$=0

= or{ =1r { (ORI + RITOI + RTINS + R

1 _ _
iR +RTEOEY + R
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Definition of Z;

@ Define the theory in an already gauge fixed way: Weyl
gauge (A§ = 0) and Coulomb gauge (9;A¢ = 0).
@ Sis no action but part of the vacuum wave functional
ZilJ, 0,0 = /D[A,C,E]exp[—S— ASx+J-A+G-c+c- o]
AS) = %A'Rk'A-i-(f"Rk-C

@ AS; breaks gauge invariance =- counterterms needed!
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Definition of Z;

@ Sis no action but part of the vacuum wave functional

Zi|J, 0,5) :/'D[A,C,E‘]exp[—s—AS](—FJ-A-FU‘C-FZ"O']

ASk:%A'Rk'A-i-Z"Rk-C

@ VEV is taken wrt. the full ground state.
Zi|J,0,6] = (Y|exp[-ASk +J -A+ G -c+c-ally)

@ No ansatz for the vacuum wave functional is used.
@ No Hamiltonian is used.
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The flow equation for I';

1 ~
Zk:eWk; sz*Wk+]k~A+5'k~C+E‘~O'k*EA-Rk'A*E‘-Rk-C

The Exact Renormalisation Group Equation

1
81Fk = 5 Tr

(OrRx) (;jgj +Rk>_1] [(3sz) <§2§k +R >_1]
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The Flow of the Gluon Propagator
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Truncation of the Theory Space

Restriction of theory space to
@ gluon propagator
@ ghost propagator

This would result in trivial flow equations.
= Inclusion of one further operator:

@ BARE ghost-gluon vertex

= flow equations decoupled from the rest of theory space
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Truncated Gluon Flow
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Truncated Ghost Flow
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Decomposition

Weyl gauge = only spatial fields A¢ A§=0

x7,y 7Z )

Coulomb gauge = transversality #;(p) of gluon propagator

FTW0]
54(p) oAP(q) "1;(p) 2w (p) (2m) "0 (p + q)
% __ sab P2 - dcd
56‘“([)) 5Eb(q) =0 dk(P) (2 ) 0 (p+q)
53Ta

A7(p) 0 (q) dee(i) 1 (P Cm P a4 K)
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Flow Equation for wy

dp r . -
e (p) = — dN%l (;iﬂ)d&Rk(r) (cik(r) +Rk(r)> .

r 2 N -1
. <d,l(\jf‘py) + Re(lr + pl)) (2 = (p-1)?)
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Flow Equation for d;

dr
7 (p) = —N. / (;)d

r+p|?
di(|r + pl)

—1
+Rk(yr+pl)> o

OUR(r) 2 () + Ri(r)] (

2

-2
+81Rk(r) <dkr(r) +Rk(l’)> [2wk(|r+p|) +Rk(]r+p|)]7l c. ]
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Solving Differential Equations ?

@ RG-equations are two coupled 1* order ODE in k.

@ Possible solution: Integrating numerically from initial

conditions [wa (p),da(p)] down to [wo(p), do(p)] (€.9. using
Runge-Kutta).

@ Initial conditions: [wa (p) = p,da(p) = 1]
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Problems with the Differential Equations

How to implement renormalisation conditions?
@ Horizon condition: d; ' (0) = 0
@ Asymptotic freedom: wy(p) ~pforp ~ A
= Counterterms for w and d,' are needed:
® walp) =—a—fp+p
° Xm (p) = const.
= How to choose the c.t. to satisfy the renormalisation
conditions?
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Solving Integral Equations !

Integrate the differential flow equations:

q
() — wa(p) = / dk loop (k. p)[di]
A

q
47" () = 3" (p) = [ dkloop(k.p)fos.dd

= lteration of w,(p) and d,(p).
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Fine Tuning

@ Gluon equation

0

p~A: wyp) —walp) = /A dk loop(k, p)[dy]

fit a+8p for p~a

With wa(p) = —a+ (1 — B)p = wo(p) =pforp ~ A
@ Ghost equation

0
&"(0)~d"(0) = [k loop(k.p = 0]
SN—— A

!
=0

0
— Choose d;'(p) = — / d 100p(k, 0) cop, di]
A
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Approximation w; — wg , di — dy in the loop

= Analytical integration of flow integrals feasible

@ Gluon equation

N, dir r? - !

“olp) =walp) =577 / @y <d0<r> *Rk“)> |
. (IW +R (|r+p)>1 . =
do(jr+pl) TN
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Approximation w; — wg , di — dy in the loop

@ Ghost equation

d}"
a5\ (p) — ' (p) =N [ / (;T)d@wo(r) L R(r)

r+p | - -7
(Rl ) ]

= Integrated RG equations correspond to DSE.
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Results for Approximate Flow Equation

1000 iterations, start values w,(p) = d,(p) = const.
N=1e4, relax=0.5, cheb-nodes = 100, gau-leg-nodes=100

1et+05 <
E -0.62 3
F — wy(p), Wy(P),g = 155p g
_ o 081 ]
r - dy(p), dy(P) g =67 P
lOOOO; 3
1000 - <
100 -
3 E
vl ol el il il il sl
oboor 0001 001 01 1 10 100 1000 10000 1e+O0S

p
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Results for Approximate Flow Equation

WO(p)IR ~ p—0.62 dO(P)IR ~ p—0.81

This result is close to one of two possible solutions found by

IR-analysis of DSE and a numerical calculation resp. in
W. Schleifenbaum, M. Leder, H. Reinhardt, PRD 73 :125019,2006

C. Feuchter, H. Reinhardt, PRD 70:105021,2004
Another possible solution

wo(p)ir ~p~' do(p)ir ~p !

found by IR-analysis of DSE and a numerical calculation resp.
in

W. Schleifenbaum, M. Leder, H. Reinhardt, PRD 73 :125019,2006

D. Epple, H. Reinhardt, W. Schleifenbaum, PRD 75:045011,2007

is not seen here.
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Flow with Full .-Dependence (PRELIMINARY)

Flow of the ghost form factor di(p)

‘ghost.itl3.dat' u1:2:3  +
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Flow with Full .-Dependence (PRELIMINARY)

10000
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=

Full Flow (d, w,), start values d, (p)=w, (p) = const.
/\2105, relax=0.4, cheb-nodes=80, gau-leg-nodes=120

— @yp), (P)g =400p "%
-0.79
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Results for Full Flow (PRELIMINARY)

@ Ghost

do(p)ir = 56 p~°7°
Previously found IR-behaviour is reproduced.

@ Gluon
wo(p)r = 400 p~9-34

Weaker IR-divergence than previously found.

= Improval of the numerics necessary
= Better subtracting the gluon mass in the IR
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Summary

@ ERGE provides general framework for nonperturbative
approximations.

@ Quantitative behaviour of the propagators in the variational
approach is partly reproduced.

@ Outlook
@ Inclusion of Coulomb form factor.
o Why RG-flow? Optimisation! Varying the regulator R;.
e Quarks



	Introduction
	The Exact Renormalisation Group Equation (ERGE)
	Hamiltonian RG-flow for YMT in Coulomb Gauge
	Summary

