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● Degrees of freedom are quarks and gluons

● Carry new charge: Color

● Bound states: Hadrons

● Baryon: 3 (valence-)quarks
● Meson: 1 quark and 1 antiquark

● Interactions mediated by gluons

● Gluons are also charged

QCD degrees of freedom
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Properties of QCD

● Weakly interacting at high energies (> a few GeV)
● Asymptotic freedom
● Accessible by perturbation theory

● Strongly interacting at low energies
● Perturbation theory fails
● Genuine non-perturbative effects

● Quarks and gluons cannot be observed as individual 
particles: Confinement
● Measured with very high precision

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary
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What is confinement - Theory

● Substructure can be described by QCD
● Degrees of freedom are quarks and gluons
● Color charge carried by both
● Gauge theory – like QED
● Confinement: Colored objects unobservable
● Color charges in QCD not gauge-invariant

● Different from QED
● No concept 0f a local gauge-invariant color charge distribution

● No confinement in perturbation theory for d>2
● Non-perturbative effect
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Gauge dependence
● Colored quantities depend on the gauge

● Need to specify a gauge

● Practical calculations limited to classes of gauges

● Here: Only Landau gauge

● Best studied so far

● Complexities arise in the non-perturbative domain

● Many other gauges have been studied non-perturbatively

● Coulomb gauge, interpolating gauges

● Covariant gauges

● Axial gauges, maximal Abelian gauges,...

● Restrict to Yang-Mills theory: Only gluons

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 44 (in this section: 1)



Confinement of Gluons/Axel Maas

Yang-Mills Theory

● Lagrangian:

● Degrees of freedom:

  Gluons:

L=−
1
4
F 

a F 

a

F 

a =∂ A

a−∂ A

a−gf abc A

b A

c

A

a
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Gauge-fixing

● Yang-Mills theory is a gauge theory
● Gauge transformations

   with arbitrary         change the gauge fields, but leave physics 
invariant: Gauge orbits

A

a
 A

a


ab
∂−g f

abc A

c


b
x 


a
 x 
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Confinement of Gluons/Axel Maas

Gauge-fixing

● Yang-Mills theory is a gauge theory
● Gauge transformations

   with arbitrary         change the gauge fields, but leave physics 
invariant: Gauge orbits

● Correlation functions are in general gauge-dependent
● Gauge-fixing is required

● E.g. Landau gauge condition

A

a
 A

a


ab
∂−g f

abc A

c


b
x 

∂ A

a
=0


a
 x 
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Confinement of Gluons/Axel Maas

Unique gauge-fixing [For an introduction: Sobreiro & Sorella, 2005]

● In perturbation theory: Local gauge condition
● Landau gauge: ∂ A

a
=0
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Confinement of Gluons/Axel Maas

(Perturbative) Landau gauge

● Lagrangian:

● Degrees of freedom:

  Gluons:

  Ghosts:           
(Auxiliary fields - not observable)

L=−
1
4
F 

a F

a
−c

a
∂D

ab cb

F 

a =∂ A

a−∂ A

a−gf abc A

b A

c

D

ab
=

ab
∂−gf

abc A

c

A

a

c
a , ca
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● Sufficient for perturbation theory
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Unique gauge-fixing [For an introduction: Sobreiro & Sorella, 2005]

● In perturbation theory: Local gauge condition
● Landau gauge:

● Sufficient for perturbation theory

● Insufficient beyond perturbation theory
● There are gauge-equivalent configurations which obey the same 

local gauge-condition: Gribov copies [Gribov NPA 1978]
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Unique gauge-fixing [For an introduction: Sobreiro & Sorella, 2005]

● In perturbation theory: Local gauge condition
● Landau gauge:

● Sufficient for perturbation theory

● Insufficient beyond perturbation theory
● There are gauge-equivalent configurations which obey the same 

local gauge-condition: Gribov copies [Gribov NPA 1978]

● There are no local gauge conditions known, which select a 
unique gauge field configuration [Singer CMP 1978]

● Non-local conditions possible

∂ A

a
=0
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Example: Instanton [Maas, EPJC 2006]

● Instanton field configuration is A

a
r ,=2r

a
/g r 2


2

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Example: Instanton [Maas, EPJC 2006]

● Instanton field configuration is
● It is a Landau-gauge configuration, satisfying

A

a
r ,=2r

a
/g r 2


2

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a
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Example: Instanton [Maas, EPJC 2006]

● Gauge transformation to A
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a


2
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Example: Instanton [Maas, EPJC 2006]

● Gauge transformation to
● It is still a Landau gauge configuration!
● Gribov copy

A

a
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a
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Confinement of Gluons/Axel Maas

Example: Instanton [Maas, EPJC 2006]

● Gauge transformation to
● It is still a Landau gauge configuration!
● Gribov copy
● Non-perturbative: Depends on 

A

a
r ,=−2r

a


2
/gr2

r 2


2


1/g
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● Impose Landau gauge condition
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● Reduces configuration space to a hypersurface

● Leaves the non-perturbative gauge freedom to choose between 
gauge-equivalent Gribov copies: Residual gauge orbit

● If a complete gauge-fixing is required, this freedom has to be fixed

● There is no unique prescription how to complete Landau gauge non-
perturbatively

● There is no possibility using a local condition to restrict to one 
representative of the residual gauge orbit
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Confinement of Gluons/Axel Maas

Residual freedom
● Impose Landau gauge condition

● Reduces configuration space to a hypersurface

● Leaves the non-perturbative gauge freedom to choose between 
gauge-equivalent Gribov copies: Residual gauge orbit

● If a complete gauge-fixing is required, this freedom has to be fixed

● There is no unique prescription how to complete Landau gauge non-
perturbatively

● There is no possibility using a local condition to restrict to one 
representative of the residual gauge orbit

● Choice: Leave the global color symmetry unfixed
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Confinement of Gluons/Axel Maas

Possibilities to complete the Landau gauge

● Three examples:
● Take exactly one representative of the residual gauge 

orbit
● Landau-Landau-type or absolute Landau gauge

● Average over (part of) the residual gauge orbit
● Landau-Feynman-type
● Average over the complete residual orbit: Hirschfeld-like
● Average over some specificed subset: Minimal Landau 

gauge
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Confinement of Gluons/Axel Maas

Configuration space (artist's view)

● Impose Landau gauge condition

● Reduces configuration space to a 
hypersurface

● Only residual gauge orbits left
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Confinement of Gluons/Axel Maas

Configuration space (artist's view)

Perturbation theory

● Perturbation theory is applicable close 
to the origin

● Non-perturbative physics probes the 
complete hypersurface
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Minimal Landau gauge
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

Gribov horizon● Minimal Landau gauge

● A local minium of

  defines the bounded first Gribov 
region

∫d d x A

a  x  A

a  x 
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Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

Gribov horizon● Minimal Landau gauge

● A local minium of

  defines the bounded first Gribov 
region

● There the Faddeev-Popov operator

   is positive semi-definite

● All propagators positive semi-definite

−∂∂
ab−g f abc A

c 

∫d d x A

a  x  A

a  x 
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

Gribov horizon● Minimal Landau gauge

● A local minium of

  defines the bounded first Gribov 
region

● There the Faddeev-Popov operator

   is positive semi-definite

● All propagators positive semi-definite 

● Selecting an element from this region 
is minimal Landau gauge

−∂∂
ab−g f abc A

c 

∫d d x A

a  x  A

a  x 
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Absolute Landau gauge
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Absolute Landau gauge

● A global minimum of

   defines the fundamental modular 
region

Fundamental modular region

∫d d x A

a  x  A

a  x 
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Absolute Landau gauge

● A global minimum of

   defines the fundamental modular 
region

● Singles out exactly one gauge copy

● Unique: Absolute Landau gauge

Fundamental modular region

∫d d x A

a  x  A

a  x 
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Absolute Landau gauge

● A global minimum of

   defines the fundamental modular 
region

● Singles out exactly one gauge copy

● Unique: Absolute Landau gauge

● Equivalent: Take the representative 
of the gauge orbit, which minimizes 
the trace of the gluon propagator

Fundamental modular region∫dp D

aa  p

∫d d x A

a  x  A

a  x 
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Questions

● Do these gauges differ on the level of correlation functions?
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Confinement of Gluons/Axel Maas

Questions

● Do these gauges differ on the level of correlation functions?
● Zwanziger conjecture: In an infinite volume minimal and absolute 

Landau gauge should coincide [Zwanziger PRD 2003]

● Only for operators with a finite product of gluon field operators
● Ghost correlation functions are determined by the inverse 

Faddeev-Popov operator - involve an infinite number!
● Approach to the limit?

● Does not apply to lattice calculations in a discrete finite volume
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● Do these gauges differ on the level of correlation functions?
● Zwanziger conjecture: In an infinite volume minimal and absolute 

Landau gauge should coincide [Zwanziger PRD 2003]

● Only for operators with a finite product of gluon field operators
● Ghost correlation functions are determined by the inverse 

Faddeev-Popov operator - involve an infinite number!
● Approach to the limit?

● Does not apply to lattice calculations in a discrete finite volume
● There seems to be a difference between both gauges on the level of 

correlation functions [Maas, unpublished]

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 34 (in this section: 0)



Confinement of Gluons/Axel Maas

Questions

● Do these gauges differ on the level of correlation functions?
● Zwanziger conjecture: In an infinite volume minimal and absolute 

Landau gauge should coincide [Zwanziger PRD 2003]

● Only for operators with a finite product of gluon field operators
● Ghost correlation functions are determined by the inverse 

Faddeev-Popov operator - involve an infinite number!
● Approach to the limit?

● Does not apply to lattice calculations in a discrete finite volume
● There seems to be a difference between both gauges on the level of 

correlation functions [Maas, unpublished]

● Here: Absolute Landau gauge
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Confinement of Gluons/Axel Maas

How to observe confinement
● In general: Vanishing of all colored expectation values

● Necessary and sufficient
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Confinement of Gluons/Axel Maas

How to observe confinement
● In general: Vanishing of all colored expectation values

● Necessary and sufficient

● Confining potentials, e.g. linear rising
● Works only for non-dynamical objects – useless for gluons
● Leads to (perfect) screening for dynamical objects
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Confinement of Gluons/Axel Maas

Confinement of quarks
● Inter-quark potential confining

[Figures from Sommer et al., 2001)]
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Confinement of Gluons/Axel Maas

Confinement of quarks
● Inter-quark potential confining

● Flattened by string breaking

[Figures from Sommer et al., 2001 (left) and from Greensite, 2003 (right)]
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Confinement of Gluons/Axel Maas

Confinement of quarks
● Inter-quark potential confining

● Flattened by string breaking
● Origin of linear potential?

[Figures from Sommer et al., 2001 (left) and from Greensite, 2003 (right)]
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Confinement of Gluons/Axel Maas

How to observe confinement
● In general: Vanishing of all colored expectation values

● Necessary and sufficient

● Confining potentials, e.g. linear rising
● Works only for non-dynamical objects – useless for gluons
● Leads to (perfect) screening for dynamical objects

● One option for individual particles
● No positive definite-spectral function/no Källen-Lehmann 

representation

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 31 (in this section: 3)



Confinement of Gluons/Axel Maas

How to observe confinement
● In general: Vanishing of all colored expectation values

● Necessary and sufficient

● Confining potentials, e.g. linear rising
● Works only for non-dynamical objects – useless for gluons
● Leads to (perfect) screening for dynamical objects

● One option for individual particles
● No positive definite-spectral function/no Källen-Lehmann 

representation
● Sufficient, but not neccesary
● No probability interpretation
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Confinement of Gluons/Axel Maas

Spectral functions

● Criteria for positivity violation
● Negative-(semi-)definite propagator
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Confinement of Gluons/Axel Maas

Spectral functions

● Criteria for positivity violation
● Negative-(semi-)definite propagator
● Vanishing propagator at zero Euclidean momentum

Propagator=One particle part∫dq2 spectral function q
2


p2q2
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Confinement of Gluons/Axel Maas

Spectral functions

● Criteria for positivity violation
● Negative-(semi-)definite propagator
● Vanishing propagator at zero Euclidean momentum

● Sum rule for gluons

● Z
3 
(divergent) renormalization constant

Propagator=One particle part∫dq2 spectral function q
2


p2q2

Overlap withone particle∫dq2 spectral function q2
=

1
Z 3

=0
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Confinement of Gluons/Axel Maas

Confinement scenarios: Many

● Two major classes recently most important
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Confinement of Gluons/Axel Maas

Confinement scenarios: Many

● Two major classes recently most important
● Topological field configurations source of confinement [Greensite PNPP 2003]

● Special field configurations (Vortices, monopoles...)
● Yield linear potentials for quarks
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Confinement scenarios: Many

● Two major classes recently most important
● Topological field configurations source of confinement [Greensite PNPP 2003]

● Special field configurations (Vortices, monopoles...)
● Yield linear potentials for quarks

● Structural aspects [Alkofer et al. PR 2001]

● Algebraic structure (Kugo-Ojima: BRST)
● Geometry of field configuration space: Gribov-Zwanziger
● Yield non-positive definite spectral functions
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Confinement of Gluons/Axel Maas

Confinement scenarios: Many

● Two major classes recently most important
● Topological field configurations source of confinement [Greensite PNPP 2003]

● Special field configurations (Vortices, monopoles...)
● Yield linear potentials for quarks

● Structural aspects [Alkofer et al. PR 2001]

● Algebraic structure (Kugo-Ojima: BRST)
● Geometry of field configuration space: Gribov-Zwanziger
● Yield non-positive definite spectral functions

● Relation between both classes exists [Gattnar et al. PRL 2004, NPB 2005, Greensite et al. PRD 2004, 

JHEP 2005, Maas EPJC 2006, 2006]
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Confinement of Gluons/Axel Maas

Confinement scenarios: Many

● Two major classes recently most important
● Topological field configurations source of confinement [Greensite PNPP 2003]

● Special field configurations (Vortices, monopoles...)
● Yield linear potentials for quarks

● Structural aspects [Alkofer et al. PR 2001]

● Algebraic structure (Kugo-Ojima: BRST)
● Geometry of field configuration space: Gribov-Zwanziger
● Yield non-positive definite spectral functions

● Relation between both classes exists [Gattnar et al. PRL 2004, NPB 2005, Greensite et al. PRD 2004, 

JHEP 2005, Maas EPJC 2006, 2006]

● All correct confinement scenarios must be equivalent
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Confinement scenarios: Many

● Two major classes recently most important
● Topological field configurations source of confinement [Greensite PNPP 2003]

● Special field configurations (Vortices, monopoles...)
● Yield linear potentials for quarks

● Structural aspects [Alkofer et al. PR 2001]

● Algebraic structure (Kugo-Ojima: BRST)
● Geometry of field configuration space: Gribov-ZwanzigerGribov-Zwanziger
● Yield non-positive definite spectral functions

● Relation between both classes exists [Gattnar et al. PRL 2004, NPB 2005, Greensite et al. PRD 2004, 

JHEP 2005, Maas EPJC 2006, 2006]

● All correct confinement scenarios must be equivalent
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Confinement of Gluons/Axel Maas

Configuration space (artist's view)
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

Gribov horizon● Gribov horizon encloses all field 
configurations with positive 
Faddeev-Popov operator −∂D
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

Gribov horizon

Fundamental modular region

● Gribov horizon encloses all field 
configurations with positive 
Faddeev-Popov operator

● Includes the fundamental modular 
region

● Both are bounded and convex

−∂D
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

Gribov horizon

Fundamental modular region

Common boundaries

● Gribov horizon encloses all field 
configurations with positive 
Faddeev-Popov operator

● Includes the fundamental modular 
region

● Both are bounded and convex

● Both have a common boundary

● On which the determinant of the 
Faddeev-Popov operator 
vanishes

−∂D
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Gribov-Zwanziger: Dominated by 
common boundary region

Gribov horizon

Fundamental modular region

Common boundaries
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Gribov-Zwanziger: Dominated by 
common boundary region

● Configuration space infinite 
dimensional: volume dominated by 
boundary

Gribov horizon

Fundamental modular region

Common boundaries
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Confinement of Gluons/Axel Maas

Configuration space (artist's view) [Gribov NPA 1978, Zwanziger 1993...2003]

● Gribov-Zwanziger: Dominated by 
common boundary region

● Configuration space infinite 
dimensional: volume dominated by 
boundary

● Faddeev-Popov determinant 
vanishes there

● Leads to positivity violating 
spectral functions

Gribov horizon

Fundamental modular region

Common boundaries
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Confinement of Gluons/Axel Maas

Green's Functions [Alkofer & von Smekal PR 2001]

● Green's functions describe a theory completely
● They are the correlation functions: Expectation values 

of a product of field operators
● Full Green's functions contain all non-perturbative 

information
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Confinement of Gluons/Axel Maas

Green's Functions [Alkofer & von Smekal PR 2001]

● Green's functions describe a theory completely
● They are the correlation functions: Expectation values 

of a product of field operators
● Full Green's functions contain all non-perturbative 

information
● Simplest non-vanishing Green's functions in Yang-

Mills theory: 2-point functions
● Expectation values of products of two field operators
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Confinement of Gluons/Axel Maas

Propagators

● In Landau gauge: Gluon and one auxiliary field: Ghost
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Confinement of Gluons/Axel Maas

Propagators

● In Landau gauge: Gluon and one auxiliary field: Ghost

● Gluon:

D

ab
 x− y= A

a
 x A

b
 y
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Confinement of Gluons/Axel Maas

Propagators

● In Landau gauge: Gluon and one auxiliary field: Ghost

● Gluon:

D

ab
 x− y= A

a
 x A

b
 y

D p=−
p p
p2


Z  p

p2
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Confinement of Gluons/Axel Maas

Propagators

● In Landau gauge: Gluon and one auxiliary field: Ghost

● Gluon:

● Ghost:

D

ab
 x− y= A

a
 x A

b
 y

DG
ab
 x− y = c

a
x cb y

D p=−
p p
p2


Z  p

p2

DG  p=
−G  p

p2
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Confinement of Gluons/Axel Maas

Propagators

● In Landau gauge: Gluon and one auxiliary field: Ghost

● Gluon:

● Ghost:

● Ghost linked to the Faddeev-Popov operator

D

ab
 x− y= A

a
 x A

b
 y

DG
ab
 x− y = c

a
x cb y

D p=−
p p
p2


Z  p

p2

DG  p=
−G  p

p2

DG
ab
 x− y  ~ ∂D

ab

−1
 = ∂

ab
∂−g f

abc A

c

−1

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Confinement of Gluons/Axel Maas

Methods

● Lattice
● Discretize space-time in a box and caclulate the path-integral and 

expectation values explicitly
● Full non-perturbative dynamics correctly implemented
● Finite volume artifacts, numerical problems most severe obstacles
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Confinement of Gluons/Axel Maas

Methods

● Lattice
● Discretize space-time in a box and caclulate the path-integral and 

expectation values explicitly
● Full non-perturbative dynamics correctly implemented
● Finite volume artifacts, numerical problems most severe obstacles

● Functional methods (DSE, RGE...)
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Confinement of Gluons/Axel Maas

(Truncated) Dyson-Schwinger Equations (DSEs)

● Infinite set of coupled non-linear integral equations
● Generate also perturbation theory
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Confinement of Gluons/Axel Maas

(Truncated) Dyson-Schwinger Equations (DSEs)

● Infinite set of coupled non-linear integral equations
● Generate also perturbation theory
● Truncation necessary: Ansätze for the vertices
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Confinement of Gluons/Axel Maas

Methods

● Lattice
● Discretize space-time in a box and caclulate the path-integral and 

expectation values explicitly
● Full non-perturbative dynamics correctly implemented
● Finite volume artifacts, numerical problems most severe obstacles

● Functional methods (DSE, RGE...)
● Coupled non-linear integral equations must be solved
● Requires (often completely uncontrolled) approximations
● Continuum, partly analytical

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 23 (in this section: 6)



Confinement of Gluons/Axel Maas

Methods

● Lattice
● Discretize space-time in a box and caclulate the path-integral and 

expectation values explicitly
● Full non-perturbative dynamics correctly implemented
● Finite volume artifacts, numerical problems most severe obstacles

● Functional methods (DSE, RGE...)
● Coupled non-linear integral equations must be solved
● Requires (often completely uncontrolled) approximations
● Continuum, partly analytical

● Combination of both methods most successful!

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
● Gribov-Zwanziger:

● Gluon propagator infrared vanishing
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
● Gribov-Zwanziger:

● Gluon propagator infrared vanishing D0=0
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
● Gribov-Zwanziger:

● Gluon propagator infrared vanishing 
● Positivity violated

D0=0
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
● Gribov-Zwanziger:

● Gluon propagator infrared vanishing 
● Positivity violated

● Ghost propagator stronger infrared enhanced than a 
massless one

D0=0
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
● Gribov-Zwanziger:

● Gluon propagator infrared vanishing 
● Positivity violated

● Ghost propagator stronger infrared enhanced than a 
massless one lim p0−p

2DG p=G 0=∞

D0=0
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
● Gribov-Zwanziger:

● Gluon propagator infrared vanishing 
● Positivity violated

● Ghost propagator stronger infrared enhanced than a 
massless one

● Due to the relation to the Faddeev-Popov operator
● Negative definite – not a physical particle
● Infrared enhancement – mediates long-range forces

lim p0−p
2DG p=G 0=∞

D0=0
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Confinement of Gluons/Axel Maas

Green's functions – The predictions

● Confinement scenarios give predictions
● Gribov-Zwanziger:

● Gluon propagator infrared vanishing 
● Positivity violated

● Ghost propagator stronger infrared enhanced than a 
massless one

● Due to the relation to the Faddeev-Popov operator
● Negative definite – not a physical particle
● Infrared enhancement – mediates long-range forces

● Same predictions as the Kugo-Ojima scenario

lim p0−p
2DG p=G 0=∞

D0=0
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Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]
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Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]
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Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]

● Power-laws. Simplest case: All momenta equal and m gluon and n ghost legs:

●                     [Alkofer et al. 2006, Huber at al. 2008]p

nghost

2
−mgluon1−

nghost
2


d
2
−2
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Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]

● Power-laws. Simplest case: All momenta equal and m gluon and n ghost legs:

●                     [Alkofer et al. 2006, Huber at al. 2008]

● Truncated DSEs give quantitative predictions for the exponent    
[Zwanziger, PRD 2002, Lerche et al. PRD 2002, Maas et al., EPJC 2004]

p

nghost

2
−mgluon1−

nghost
2


d
2
−2


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Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]

● Power-laws. Simplest case: All momenta equal and m gluon and n ghost legs:

●                     [Alkofer et al. 2006, Huber at al. 2008]

● Truncated DSEs give quantitative predictions for the exponent    
[Zwanziger, PRD 2002, Lerche et al. PRD 2002, Maas et al., EPJC 2004]

● In particular: IR-vanishing gluon propagator

p

nghost

2
−mgluon1−

nghost
2


d
2
−2


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Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]

● Power-laws. Simplest case: All momenta equal and m gluon and n ghost legs:

●                     [Alkofer et al. 2006, Huber at al. 2008]

● Truncated DSEs give quantitative predictions for the exponent    
[Zwanziger, PRD 2002, Lerche et al. PRD 2002, Maas et al., EPJC 2004]

● In particular: IR-vanishing gluon propagator, IR-enhanced ghost 
porpagator

p

nghost

2
−mgluon1−

nghost
2


d
2
−2



QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 21 (in this section: 4)



Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]

● Power-laws. Simplest case: All momenta equal and m gluon and n ghost legs:

●                     [Alkofer et al. 2006, Huber at al. 2008]

● Truncated DSEs give quantitative predictions for the exponent    
[Zwanziger, PRD 2002, Lerche et al. PRD 2002, Maas et al., EPJC 2004]

● In particular: IR-vanishing gluon propagator, IR-enhanced ghost 
porpagator, IR-constant ghost-gluon vertex

p

nghost

2
−mgluon1−

nghost
2


d
2
−2



QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 21 (in this section: 4)



Confinement of Gluons/Axel Maas

Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]

● Power-laws. Simplest case: All momenta equal and m gluon and n ghost legs:

●                     [Alkofer et al. 2006, Huber at al. 2008]

● Truncated DSEs give quantitative predictions for the exponent    
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Predictions
● Gribov-Zwanziger scenario gives qualitative insight into the infrared 

behavior of Green's functions [Gribov NPB 1977, Zwanziger, NPB 1994...PRD 2002]

● DSEs and RGs deliver a qualitative infrared solution configurations for all 
Green's functions [Alkofer et al., PLB 2005, Fischer et al. PRD 2007]

● Power-laws. Simplest case: All momenta equal and m gluon and n ghost legs:

●                     [Alkofer et al. 2006, Huber at al. 2008]

● Truncated DSEs give quantitative predictions for the exponent    
[Zwanziger, PRD 2002, Lerche et al. PRD 2002, Maas et al., EPJC 2004]

● In particular: IR-vanishing gluon propagator, IR-enhanced ghost 
porpagator, IR-constant ghost-gluon vertex, infrared divergent three-
gluon vertex in all dimensions
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Confinement of Gluons/Axel Maas

Practical problems
● Solving the coupled non-linear integral equations in functional 

calculations for propagators and vertices is numerically extremely 
demanding

● Truncations with assumptions on vertices and multi-loop contributions 
necessary
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● Implementing absolute Landau gauge and simulating large volumes is 
computationally very expensive in lattice gauge theory

● Artifacts are hard to control

● Problems less severe in lower dimensions
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Practical problems
● Solving the coupled non-linear integral equations in functional 

calculations for propagators and vertices is numerically extremely 
demanding

● Truncations with assumptions on vertices and multi-loop contributions 
necessary

● Implementing absolute Landau gauge and simulating large volumes is 
computationally very expensive in lattice gauge theory

● Artifacts are hard to control

● Problems less severe in lower dimensions

● Number of Gribov copies increases exponentially with volume

● NP-hard
● Minimal and absolute Landau gauge conincide in small volumes
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Confinement of Gluons/Axel Maas

Propagators in two dimensions
[Maas, PRD 2007,
2402, beta=10, V=(42 fm)2]
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Confinement of Gluons/Axel Maas

Propagators in two dimensions

● Quantitative in agreement – same exponent   on the lattice and in the continuum

● Only asymptotic behavior known in the continuum

● Minimal and absolute Landau gauge results agree almost

[Maas, PRD 2007,
2402, beta=10, V=(42 fm)2]
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Confinement of Gluons/Axel Maas

Propagators in three dimensions
[Maas, 563, beta=4.24, unpublished
 Maas et al. EPJC 2004]
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Confinement of Gluons/Axel Maas

Propagators in three dimensions

● Differences between minimal and absolute Landau gauge up to 1 GeV

● Minimal Landau gauge leads to a massive behavior

● Qualitative agreement between lattice and continuum results

[Maas, 563, beta=4.24, unpublished
 Maas et al. EPJC 2004]
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Confinement of Gluons/Axel Maas

Propagators in four dimensions
[Cucchieri et al. PRD 2008, 224, beta=2.2
 Fischer et al. PLB 2003]
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Confinement of Gluons/Axel Maas

Propagators in four dimensions

● Absolute Landau gauge results only available on very small volumes

● Infrared dominated by finite volume artifacts

● Functional methods give predictions for infinite volume approach

[Cucchieri et al. PRD 2008, 224, beta=2.2
 Fischer et al. PLB 2003]
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Confinement of Gluons/Axel Maas

Vertices in Landau gauge

● Two 3-point vertices in Landau gauge
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Vertices in Landau gauge

● Two 3-point vertices in Landau gauge
● Two at tree-level and beyond
● Describe gluon self-interaction
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Confinement of Gluons/Axel Maas

Vertices in Landau gauge

● Two 3-point vertices in Landau gauge
● Two at tree-level and beyond
● Describe gluon self-interaction and ghost-gluon self-

interaction
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Confinement of Gluons/Axel Maas

3-point vertices in Landau gauge

● Contractions useful
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3-point vertices in Landau gauge
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● Three-gluon vertex

A

a cbc
c
 =D

ad DG
beDG

cf


d e f

G Ac c=
tl
Acc /

tlDDGDG
tl


A

a A

b A

c
 = D

ad D

be D

cf


d e f

G A3

=
tl
AAA /

tlDDD
tl


QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 15 (in this section: 4)



Confinement of Gluons/Axel Maas

3-point vertices in Landau gauge

● Contractions useful
● Ghost-gluon vertex

● Three-gluon vertex

● Mixes in general tensor structures
● Here only in case of the three-gluon vertex
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Confinement of Gluons/Axel Maas

3-point vertices in Landau gauge

● Contractions useful
● Ghost-gluon vertex

● Three-gluon vertex

● Mixes in general tensor structures
● Here only in case of the three-gluon vertex

● Two independent momenta: Take to be at 90° here
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Confinement of Gluons/Axel Maas

Ghost-gluon vertex in 3d

● Essentially constant, only some structure at 1 GeV

● Same in 2d and 4d

● In agreement with DSE predictions [Schleifenbaum et al., PRD 2005]

[603@beta=4.2, Cucchieri et al., PRD 2008]
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Confinement of Gluons/Axel Maas

Three-gluon vertex in 3d

● Has a zero at low momenta, and negative infrared divergence

● Suppression at low momenta observed in 4d

● Divergence expected from functional studies, pre-factor unknown

[403@beta=4.2, Cucchieri et al., PRD 2008]
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Confinement of Gluons/Axel Maas

Far infrared of three-gluon vertex: Two dimensions

● Results agree quantitatively with predicted infrared exponent

● But different kinematics: Scale dependence and angular 
dependence separable?

[Maas, unpublished]
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Confinement of Gluons/Axel Maas

Summary on Green's functions

● Lattice calculations and functional methods agree for 
two- and three point functions in absolute Landau 
gauge
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gauge
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● Gluon (and ghost) are not physical particles

● Absent from the physical spectrum
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Confinement of Gluons/Axel Maas

Summary on Green's functions

● Lattice calculations and functional methods agree for 
two- and three point functions in absolute Landau 
gauge

● Power-law behavior in the far infrared
● Gluon (and ghost) are not physical particles

● Absent from the physical spectrum

● Consistent with the confinement scenarios of Gribov 
and Zwanziger and of Kugo and Ojima
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Confinement of Gluons/Axel Maas

But what has all of this to do...

● ...with the linear-rising potential between quarks and 
anti-quarks?
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Confinement of Gluons/Axel Maas

But what has all of this to do...

● ...with the linear-rising potential between quarks and 
anti-quarks?
● Two possibilities

● Construct potential from the correlation functions
● Yields a linear rising potential  [Alkofer et al., MPLA 2008, 2008]

● Requires knowledge of vertices
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Confinement of Gluons/Axel Maas

But what has all of this to do...

● ...with the linear-rising potential between quarks and 
anti-quarks?
● Two possibilities

● Construct potential from the correlation functions
● Yields a linear rising potential  [Alkofer et al., MPLA 2008, 2008]

● Requires knowledge of vertices
● Determine connection to the source of the potential

● The origin is assumed to be topological field configurations
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● String-like objects – world surface

● Influence the confinement potential
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles
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Topological configurations

● Vortices

● Monopoles

● Particle-like objects – world-lines

● Provide the same effect as vortices

● When in a long-range ordered cluster

● Intricate relations to vortices [Greensite, 2003]

● Long-range ordering by vortices?
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles

● Particle-like objects – world-lines

● Provide the same effect as vortices

● When in a long-range ordered cluster

● Intricate relations to vortices [Greensite, 2003]

● Long-range ordering by vortices?
● Monopoles move on the surface of vortices

  [Greensite, 2003, Reinhardt, NPB 2002, Boyko et al., NPB 2006]
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles

● Instantons
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Topological configurations

● Vortices

● Monopoles

● Instantons

● Point-like objects – events
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Topological configurations

● Vortices

● Monopoles

● Instantons

● Point-like objects – events

● Too low density to influence potential
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles

● Instantons

● Point-like objects – events

● Too low density to influence potential

● ...but cluster around monopole world-

  lines
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles

● Instantons

● Highly non-trivial problem
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Topological configurations
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● Monopoles

● Instantons

● Highly non-trivial problem

● Many contributors

● Likely more than listed here

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 9 (in this section: 8)



Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles

● Instantons

● Highly non-trivial problem

● Many contributors

● Likely more than listed here

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 9 (in this section: 8)



Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles

● Instantons

● Highly non-trivial problem

● Many contributors

● Likely more than listed here
● Partly gauge-dependent

● Many open questions
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Confinement of Gluons/Axel Maas

Topological configurations

● Vortices

● Monopoles

● Instantons

● Highly non-trivial problem

● Many contributors

● Likely more than listed here
● Partly gauge-dependent

● Many open questions

● How relates this to the gluons?

To answer: Return to the Faddeev-Popov operator
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Confinement of Gluons/Axel Maas

Landau-gauge Faddeev-Popov operator eigenspectrum

● Near zero enhanced compared to vacuum
[Cucchieri et al., PRD 2006]
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Landau-gauge Faddeev-Popov operator eigenspectrum

● Near zero enhanced compared to vacuum

● Average configuration in the continuum limit on the Gribov horizon

[Cucchieri et al., PRD 2006]
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Confinement of Gluons/Axel Maas

Landau-gauge Faddeev-Popov operator eigenspectrum

● Near zero enhanced compared to vacuum

● Average configuration in the continuum limit on the Gribov horizon

● Agrees with Gribov-Zwanziger scenario

[Cucchieri et al., PRD 2006]
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Confinement of Gluons/Axel Maas

Landau-gauge Faddeev-Popov operator eigenspectrum

● Near zero enhanced compared to vacuum

● Average configuration in the continuum limit on the Gribov horizon

● Agrees with Gribov-Zwanziger scenario

● Leads to the infrared divergence of the ghost propagator

[Cucchieri et al., PRD 2006]
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Confinement of Gluons/Axel Maas

Ghost propagators and vortices

● Removal of vortices tames infrared divergence

[Gattnar et al., 2004]

G
(p
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Confinement of Gluons/Axel Maas

Ghost propagators and vortices

● Removal of vortices tames infrared divergence

● Hints to a change of the FP-eigenspectrum

[Gattnar et al., 2004]

G
(p
)

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 6 (in this section: 5)



Confinement of Gluons/Axel Maas

Vortices and the eigenspectrum of the FPO

● Removal of vortices in Coulomb gauge reduces enhancement of near-zero 
modes

[Greensite et al., 2004]

QCD – Gauge fixing – Confinement – Propagators – Vertices – Topology – Summary

Slides left: 5 (in this section: 4)



Confinement of Gluons/Axel Maas

Analytical approach

● Study analytically the eigenspectrum of the FP-
operator in topological background fields

● Use as background fields the field of
● Instantons [Maas, EPJC 2006]

● Monopoles [Maas, NPA 2007]

● (Center) Vortices [Maas, EPJC 2006]
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Confinement of Gluons/Axel Maas

Analytical approach

● Study analytically the eigenspectrum of the FP-
operator in topological background fields
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Confinement of Gluons/Axel Maas

Eigenvalue equation

● General form (for transverse fields)

−ab∂2g f abc A

c ∂
b=2a
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● Scattering problem
● Internal degrees of freedom: Color
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Confinement of Gluons/Axel Maas

Eigenvalue equation

● General form (for transverse fields)

● Equivalent to a 4+1-dimensional, static Schrödinger-equation

● Scattering problem
● Internal degrees of freedom: Color 

● At least the eigenspectrum is necessary

● Eigenvectors do also play a role in the Gribov-Zwanziger scenario

−ab∂2g f abc A

c ∂
b=2a
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Solutions

● Eigenproblem can be solved exactly [Maas, EPJC 2006, NPA 2007]
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Solutions

● Eigenproblem can be solved exactly [Maas, EPJC 2006, NPA 2007]

● All configurations generate zero-modes
● Number depends on configuration [Maas, EPJC 2006, NPA 2007]

● Instanton: 3
● Vortex: 2(flux-1)
● Monopole: 4
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Confinement of Gluons/Axel Maas

Solutions

● Eigenproblem can be solved exactly [Maas, EPJC 2006, NPA 2007]

● All configurations generate zero-modes
● Number depends on configuration [Maas, EPJC 2006, NPA 2007]

● Instanton: 3
● Vortex: 2(flux-1)
● Monopole: 4

● Zero-modes are non-localized
● Instanton and vortex: Non-trivial radial behavior
● Monopole: Non-trivial angular behavior
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Confinement of Gluons/Axel Maas

Solutions
● All can contribute in the Gribov-Zwanziger scenario

● Could be the relevant field configurations for confinement
● All lie at least on the Gribov horizon
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Solutions
● All can contribute in the Gribov-Zwanziger scenario

● Could be the relevant field configurations for confinement
● All lie at least on the Gribov horizon

● All provide enhancement at zero eigenvalue
● Not in the low eigenvalue spectrum

● At least for the vortex an infinite free energy of a free color 
charges follows: Necessary for confinement 
[Greensite et al. PRD 2004, Maas, EPJC 2006]
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Confinement of Gluons/Axel Maas

Solutions
● All can contribute in the Gribov-Zwanziger scenario

● Could be the relevant field configurations for confinement
● All lie at least on the Gribov horizon

● All provide enhancement at zero eigenvalue
● Not in the low eigenvalue spectrum

● At least for the vortex an infinite free energy of a free color 
charges follows: Necessary for confinement 
[Greensite et al. PRD 2004, Maas, EPJC 2006]

● Results for a more complicated system?
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Confinement of Gluons/Axel Maas

Summary

● The Gribov-Zwanziger scenario provides (up to now) a closed picture of 
gluon confinement
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● Topological configurations could be the relevant gauge-field configurations
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● Provide a link to the confinement of quarks
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● Provide a link to the confinement of quarks
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Summary

● The Gribov-Zwanziger scenario provides (up to now) a closed picture of 
gluon confinement

● Propagators and vertices in absolute Landau gauge comply with the 
predictions

● Enormous technical problems have been solved

● Topological configurations could be the relevant gauge-field configurations

● Equivalence of very different confinement scenarios

● Provide a link to the confinement of quarks

● A closed picture of confinement in QCD starts to emerge

● Still more open questions than fully answered ones...
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